|deal Bayesian Spatial Adaptation: Supplement

January 30, 2023

This supplementary material contains the proofs of Theorems in the main text and
details of the simulation study. In particular, the proofs of Theorems 5 and 6 are in
Section A. The proofs for Theorems 1 and 2 under the white noise model are presented
in Section B, the proof of the non-spatial adaptation for common classes of hierarchical
Gaussian process prior is presented in Section C and some of the technical lemmas used in
the proof of Theorem 5 are presented in Section D. In Section E, we provide the proof of
Lemma A.3 used in the proof of Theorem 6 and Section F' contains some auxiliary results.

Details on the simulation study are in Section G.
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A Proofs of Theorems 5 and 6

A.1 Proof of Theorem 5

We write Ly = |log,n]| and denote with T the set of binary trees whose deepest internal
node depth is smaller than L,,.,. Recall the notation from Section 3.1 where we denoted
the set of internal tree nodes with 7;,; and the set of external tree nodes with 7.,;. Using

the definition of My, . and kj(z) in Lemma 1 we first define, for some 5 > 0,

n

dy(z) = Llog2

1
2t(z)+1 L
logn> ] J where  Cj(x) = (2Mp,(z)/7) @+, (A1)

Gi(a) (
It turns out that when'

> d() = max{logs(L/ 2w, di(x)}, (A.2)

the multiscale coefficient satisfies (from Lemma 1)

logn

‘5l0kl(:v)| <7 — (A.3)

Moreover, (A.2) implies that \ﬁﬁkl/(m)] < /&2 for all (I, ky(z)) where I’ > I. Indeed,
since Iy, (z) C lig,(z) we have Myy, (o) < Mg, () and thereby

Bk, ()| < 2 My, ()2 D <2y ()27 YD < 5 log /.

INote that when 7 is bounded away from zero, we have d(x) = d;(x) when n is large enough.
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For a tree T, we denote with 7;,; a set of pre-terminal nodes such that both children are

external nodes, i.e.
Tint = {(1,k) € Tone st {(1+1,2K),(1+ 1,2k + 1)} € Tt} - (A.4)

Note that for all z € [0, 1] we have d;(2) > dy41 ().
The main difference between the regression case and the white noise model is the de-
pendence of parameters in the posterior distribution due to the fact that the design is not

necessarily regular. Let
An = {8up Gu(2)[ () = fo(w)] > M}

and let T denote a set of trees T € T that (a) capture signal and (b) that are suitably small
locally. Formally, we define the set T" as

T— {T €T 1< mind(z) Y,k €Tow and S(fo, A;v) C ﬁnt} (A.5)

€l

for some A > 0 where

S(fo; A;v) = {(1 k) « [ > Alog"™t "+ n/\/n}

where a V b = max{a,b}. Going further, with £(7) we denote the set of functions f =
(k)T YikBik that live on the tree skeleton 7" and

E= ET)={f:TeT}. (A.6)

TeT

With € introduced in (A.6), we show in Section D.1 and Section D.2 that Ef II(E°|Y) —
0. We can write, for A defined in (D.4) with Py, (A°) < 2/p — 0 where p = 2Lmes,

EfIL[f € Ay | Y] < Py [A) + B TE | Y] + ET1[f € A,nE| V] 1Ly

Using the Markov’s inequality, one can bound the last display above with (denoting X =

(7 ea,ne|y] <Mz [supG@)|f() — F@ldng 1Y)+ M B, (A7)

where B is the bias term defined in (B.15) and is shown to be O(1) in Lemma B.2 and

where

fiw = % Z I < di ()] e () 85



Since trees T € T catch large signals (according to the definition of 7" above) we have
189 < Alog" ™™V n/\/n for (I,k) ¢ Tin and

1/2 0 IOgHUHVU dy(x)/2 vHIVU+L/2
sup <n(x) Z 2 HIEIzk‘ﬁlk’ SupC( )2 <10g

<% "
zE€X ~ ~ NG zEeX

(LE)E Tine;l<d; ()

It thereby suffices to focus on the active coordinates inside 7;,;. We now show that on the

event A ot 1ve

log n
0 <>
onax 1B = Buldl(B T.Y) S ——=—

Set X7 = ¢,(XFX7) ! with ¢, = g,/(1 + g,) and pr = L7 XX By + v] we have Br|Y ~
N (pr,¥X7) and we use Lemma 8 in [18] which yields for ¢ = max diag(X7)

E|Br = BTl < llur — BFlloc + /262 log [ Tine| + 2v/270. (A.8)

For the first term, we note (denoting || Al = max; > [as;])

o7 = BFllso < (1= ca)|BFloo + 17 lloo | XF(X\ 7BV + Fo — XBo + €)lc

From Lemma F.3 and (D.9) we have on the event A

| X (X 7BV + Fo — XBo 4 €)lloe S vlog" 'V n

Denoting with a(i, 7) (resp. a(\i,T)) the i*" diagonal (resp. off-diagonal) entry in the

matrix X7 X7, we can write using the Gershgorin theorem (see e.g. [? |) and Lemma F.4
Cy, < i

min;fa(i, T) — a(\i, T)] = An’

Next, & < [|27]le < 1/(An) and from (A.8) we obtain E|Br — BY|le < log"™v " n/y/n.

Therefore, on the event A

1E7 e <

A<T) E/Sup [Cn(l‘) Z Hﬂ?EIszl/2|Blk: - ﬁlok| dH(,B | T> Y)

TEX (1) E Tims

S [ max 16w — Blsup [Gu(2)272] anB | 7. v)
(l k/‘)eﬁnt xeX

< " max |G — Blk|dH(ﬁ | T,Y) < By X log“+1v“+1/2

logn J (1,k)€Tins




uniformly for all 7 € T for some B4 > 0. We now put the pieces together. From the

considerations above, we continue the calculations in (A.7) to obtain, on the event A,

H[feA,ng|Y] <M S UT|Y] [ supule) [f(@) = fi()| dII(F | Y.T) +o(1)
TeT (T) zex

< Mn—lo(logv-HVv—i-l/Q n) +0(1>

The upper bound goes to zero as long as M, is strictly faster than log“HV“H/ ’n

A.2 Proof of Theorem 6

First, we show that Agn(M ) is contained in

U {!fg (1) = fo(=)]

en(21)

> M /2}
=1
so that it suffices to focus on the discretization Z,, of [0, 1]. To show this, we note that for
all © € [z, z141) we have f§(z) = f5(z). Next, from the Assumption” 1 where M(-) < M
and n(-) > 7 > 0, and by using (4.10) and the Assumption 5 we obtain for a sufficiently

large n and a suitable a; > 0

& logn)t(zl) < i <02 logn >t(x) Lo03! (5"

n n

logn )al

%@%h@NSM< — O(en(@)**1) = ofen(2))

Hence since €,(z) = €,(x)(1 + o(1)),
|5 (x) — folz)]

’fﬁg(zz) - f0(21)|
sup < max
2€(0,1) en(x) I<Ny, en(2)

+o(1)

and thereby

nas (if <ZHC“m <m>M®'

I<Nn n(21)
We now focus on one particular knot value z = z; for some [. For the sake of simplicity we
write hereafter (in this proof) €, in place of €, (x) when there is no ambiguity.
For a given partition S, recall that I2 denotes the interval in S which contains x. We
consider two types of partitions S (‘small-bias’ versus ‘large-bias’), i.e. for some M; > 0 we
distinguish between partitions S satisfying {|y;s — fo(2)| < Mie,} and  {|y;s — fo(w)| >

Me,}, where
Y;: n
gr=>Y, — and ny=)Y I(z; €1).

iy €1 nr

2Since in Assumption 1, M(-) and 7(-) are bounded, they could be regarded as constants.
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We further split the ‘small-bias’ partitions {|y;s — fo(z)| < Mie,} into two types (a ‘small

cell’ I versus a ‘large cell’ I?), i.e. for some small § > 0 we distinguish between

{(n1s > 5,(0)} and  {ngs < 5,(0)}, $n(0) = Ologn

(A.9)

&

We first prove that if S is a favorable partition, i.e. if it belongs to

Ba= {8 {lius = fol@)| < Mig} 0 {mss > 5(0)}}

then the conditional posterior distribution given S concentrates on {|fo(z) — f5(z)| <
2Me,}. We then prove that the posterior probability of the set of non-favorable partitions,
i.e. B¢, goes to zero as n goes to infinity.

Recall the definition of Z(z) in (4.14) as the set of intervals which either contain x or
are neighboring intervals to the one which contains x. We now define the following events

for ug,us > 0 and €; = Y. ,.cr €/n1

: I
Oy () = {VS €Sl < uo Zgn} s Quyalu) = {\ﬂ € I(2) : &1 < ug\/?} ,
15 T

Since for a given I5 and X = (z1,...,x,)" the standard Hoeffding Gaussian tail bound (see

e.g. (2.10) in [? ]) yields
21
X) < Qexp{—uo ;)gn}

and since the number of possible intervals I in the definition of 2, ,(ug) is of the order
O((n/logn)?), we have

logn

P (|€[§| > U

nfg

P(Q,.,(up)¢) = o(logn/n) as soon as uj > 6.

Similarly, note that the number of intervals involved in the definition of €2, , o is of order
O((n/logn)*). By choosing u3 > 8 we thus obtain that P(,,2(us)?) = o(1/n). In
the following lemmata, we will thus condition on the high-probability events €2, ,(u) and
Q,,42(ug) and we set Q, = Q, »(u1) N Qyy (o) N Ry gy 2(u2).

Given the structure of the prior, for a given partition S the marginal likelihood density

has a product form and is proportional to

—n,5(B—i;s)%/2
e J J

- ZieJS (Yi_gIS)Z/Q /
J J

R

m(S) = Hm(]f), m(IJS) =e g;(B)dp.



We will use repeatedly the following inequality on |y;s| < By — € for some arbitrarily small
J
but fixed €

- ; Yi—4,5)%/2 — ) (Yi—y,5)2/2
eo(1+o(1))e e I o po Diers I o

Lemma A.1. Assume the prior (4.9) with (4.11) and (4.12). For any a > 0 and if
M, > max(2a/v/8,1/v/26) then

<m(I?) < (A.10)

E [lo, ({|fo(x) = f5 (@) > 2Mie} N Ba|Dy)| S
Proof of Lemma A.1. 1f S € B, and | fo(z) — f§ ()| > 2Mie, then we have
s =[5 (@) = fo(@) = f5 (@) = |grs — fo(w)| > Mien.

Using (A.10), we then have

2ymis Nz _ N2
1(1ute) — 50 > 200 Du8) £ — [ (== e a0

|ﬁ_g15§|>M18n
- 2¢1,/Tigs exp _nggMiel
covV2m(1 4 o(1)) 2

< exp {—5M12 log n/4} =o(n™ %)

if 6M? > max(4a,1/2). O

We now prove that the unfavorable partitions have posterior probability going to 0.

Using Lemma A.2 (below), with @ > 1 we obtain on §2,, that
(S : {[zs = fol@)| > Mie} N {ngg > 50(0)}| Do) = 0p(n™")
and that, using Lemma A.3 (below), II (S {ns < sa(0)} Dn) = 0,(n™'). Combining

these two results with Lemma A.1, we then have on 2,

1 (fo(x) = f5(@)] > 2Miea| D) < 3 T (Ifolx) = £5(2)| > 2Mie,| Dy, S) TH(S|D,,)

TS {|71s — fol@)| > Migo} 0 {ngg > $,(0)} | Du) +11(S : {ngs < 5,(6)}| Dy,)

= Op(n_l)‘



Lemma A.2. Assume the prior (4.11) with (4.9) and (4.12). Let x € (0,1), then for all
a,ug, uy, uz > 0 and for all § > 0 small enough, there exists a constant C(a,uy,uz) > 0
such that if My > max(2uo/V6,C(a,uy,us)),

E[lo, 11(S : {|grs — fo(@)| > Mign} N {ngs > 5,(0)} | Do) | = O(n™).

Lemma A.3. Assume the prior (4.11) with (4.9) and (4.12). With § > 0 as in Lemma
A.2 we have if B > 9,

E [Tg, 1 ({nss < 52(0)} | Du)| = o(1/n).

Lemma A.2 is proved by showing that if |y;s — fo(7)| and n;s > s,(0) then the partition
has much smaller posterior probability than the one obtained by splitting I, into smaller
intervals. The proof of Lemma A.2 is given below while the proof of Lemma A.3 is given
in Section E of the Supplementary Material [? ]. The idea of the proof of Lemma A.3 is
that partitions verifying {n;s > s,(d)} have either much smaller probability than the one
resulting from merging I with a neighboring interval, say I, 1, or much smaller probability
than the one resulting from splitting I f , into smaller intervals. The latter result comes from

the fact that if Iﬁl is too large then there is a point 7 in I;Zl,

such that |y;s — fo(z1)] >
Moen(z1) and nys > s,(d1) for some appropriate values My, 0; and Lemma A.2 can then

be used.

Proof of Lemma A.2. Throughout the rest of the proof, we suppress the index S when

referring to intervals I7 or I?. On the event Q,,(uo), and if ny, > s,(9) for a given 4, we
have for o1, = Yper, folwi)/nu,

Viogn < UQEn < Mg,
N VY

as soon as M; > 2ugy/ V4. In particular if |1, — fo(z)| > Mg, then we have from Assump-

91, — Bo.r.| = I€r.| < uo

tion 1 that as soon as |I,| <,
Mien/2 < |Bos, — folz)| < M|L|"™

so that in all cases |I,| > (M, /2M)Y/4=).
Since the cell I, has a large bias, we compare the partition S with a partition obtained

by splitting I, into 2 or 3 intervals, say Iy, I>, and possibly I3 if x is too far from the



boundary of I,. We do the splitting® so that = € I, and |I;| = (7 Mye,/2M)"*®) for some
7 < 1. We choose also 7 > 0 small so that both |Iy|, |I3] > (M, /2M)*"*). Then on

Qn,y(uO)u
upy/logn

AL

Bory = fo(@)| < 7Mien/2 and  |yp, — fo(x)| < 7Mien/2 +

In the following, we write the computations in the case where we have split I, into 3
intervals. Computations for the case of 2 intervals can be derived similarly. Note that, by
construction, |Iy| > |I;| and |I3] > |I;]. In addition, on the event €, ,(u;) defined in (4.15)
we have ny, > npo|l;|/2 for j = 1,2,3. Hence, there exists a constant Cy > 0 such that

ugy/logn < men

< e, < Mg, /2 (A.11)
nr (TM1>2t(

by choosing M, large enough so that |y, — fo(x)| < Mie,(1+7)/2. On the event €2, , o(u2),

for all us > 0, we have
|g11| < |f0(-r)| +¢ and |QI2| < ||f0||oo +¢< By

for any € > 0 small when n is large enough since || fo||oc < Bo. Hence using (A.10),

m(1y) < 2eny/nnna, i, exp (_ Tier, (Vi = 1) | > i1 Yier, (Vi — %)2)
m(L)m(I)m(I3) — 2rcd/ny,

2 2

_ 2ay/nnnpni s 23: ch u1,)?
2l /mr. '

=1

Moreover, we have

91, = Inl > 191, = fo(@)| = [fo(x) = 4| = Mi(1 = T)en/2 > Mg, /4

by choosing 7 < 1/2. Finally, by noting that n; < n|I| on the event €, ,(u;) we obtain

m(l;) / 2_2
(i)~ "V Il e (= M7 /8)

Noting that

2.2 ”p0’[1|M125$L

nn Mie, 5 > po(r/(2M)) /1 M g /2

3Without loss of generality, we can assume that cutting an interval of such a size is possible otherwise
we would replace it with |I1| = (T Mg, /2M)Y*®)(1 4 o(1)) which makes no difference.

9



Then we have

Z8) = Ty m Gy L) L PGPl ~

< (Ll o]~ P MR o 01

Y

< g IME(MT /M) 2p0-2B] _ ()

~

n

< ([N R])~ B exp (—ny, MPe2/8)

as soon as M? > max(2B/py + a,2M/7) since |I||I5| 2 €L/*®). This implies that on §2,, we
have for
I =TS A{lgr, — fo(2)| > Mign} O {ng, > 5,(0)} | Dn)
and I;(S) = I{S : |y, — fo(x)| > Mie,} and I(S) = I{S : ny, > s,} the following bound
> L(S) x Ix(S) x m(S") x m(I,) x ws(S" U I,,)

_ S=S'UI,

th Y m(S) x m(L,) x mg(S'UI,)
S=S'UI,
Z Hl(S> X ]IQ(S) X m(S’)m(Il)m(IQ)m(I3) X 7Ts(5/ U [1 U [2 U I3) X Z;B(S)
S=5"UI,

<
- ]IQ(S) X m(S’) X m(Il)m(Ig)m(Ig) X Ws(S, U Il U ]2 U 13)
S=S'Ul1Ul,Ul3

< COn~%2, O]

B Proofs for the White Noise Model

B.1 Proof of Theorem 1

The proof is similar to the proof in the regression case but is simpler. For the sake of
self-sufficiency, we recall some the definitions used in the proof of Theorem 5, see also
Section A.1. We write Ly, = |logyn| and denote with T the set of binary trees whose
deepest internal node depth is smaller than L,,,,. Recall the notation from Section 3.1 of
the manuscript where we denoted the set of internal tree nodes with 7;,; and the set of
external tree nodes with 7¢.;. Using again the definition of My, ny, and kj(x) in Lemma 1

we first define, for some ¥ > 0,

n \ T o
di(r) = {logZ Ci(z) (bgn) ] J where  Cy(x) = (2Mipz)/7) @172, (B.1)
Using the fact that when
!> di(x) = max{logy(1/2nuym), di() }, (B.2)
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the multiscale coefficient satisfies (from Lemma 1)

logn

By <7 m (B.3)

Moreover, (B.2) implies that |Bﬁkl,(m)| < 4y/* 22 for all (I, ky(x)) where I’ > [ as explained
in Section A.1. For a tree 7T, we denote with 7~;m a set of pre-terminal nodes defined in

(A.4). Note that for all z € [0, 1] we have
dy(z) > dis (2).

In the sequel, T" denotes a set of trees 7 € T that (a) capture signal and (b) that are suitably

small locally. Formally, we define the set T as

T:{Tewwggpi@)vmmeﬁnam &ﬁﬂﬂ;&* (B.4)
for some A > 0 where
S(fo; A) ={(1, k) : |Bp| > Alogn/v/n}. (B.5)

Going further, with £(7) we denote the set of functions f = > (L k)ETims Ui Bie that live on
the tree skeleton 7 and

E= ET)={f:TeT}. (B.6)

TET
First, we show that EII(E°|Y) — 0. To begin, in Section B.1.1 below we show that

the posterior concentrates on locally small trees.

B.1.1 Posterior Concentrates on £

Our considerations will be conditional on the event

A, = { max e, < 210g(2L"““”+1)} (B.7)

—1<I< Limaz ,0<k<2!

which has a large probability in the sense that P(AS) < (logn)~t.

Lemma B.1. Let dy(z) be as in (B.2). For the Bayesian CART prior from Section 3.1
with a split probability p; = (1/T)! we have, on the event A, in (B.7), for I' > 0 large
enough

1|7 :3(1,k) € Toe s.t. 1 >mind(z)|Y| — 0. (B.8)

€l
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Proof. We can write

2l—1

1|7 :3(1,k) € Ty st 1> mlndl( |Y] < Y Y mmdl( NH[(L, k) € Tint | Y.
o€l I<Lmaz k=0 o€l
We denote with Ty the set of all trees T such that (I, k) € 7~Znt. Then
ZTGT WY(T)
IT|(l, k int | Y Lk B.9
(08) € T | Y] = =005 (B.9)

Where, for ,67‘ = (6”{ . (l, k) € ﬁnt)/ and YT = (sz : (l, ]i]) S 7;nt),7
Wy (T) =I(T)Ny(T) with Ny (T) = / ¢ 3 IBTIE+nY 78T (8., d By

For a tree T € Ty, denote with 7~ the smallest subtree of 7 that does not contain (I, k)
as a pre-terminal node, i.e. 7~ is obtained from 7 by turning ([, k) into a terminal node.
We can then rewrite (B.9) as

T _
ZTEle I/%//V%’(T—))WY(T )

IT[(L,k) € T | Y| = B.10
Assuming an independent product prior [ YN (0,1), we have
n2 2
I 1) Yik

Wy(T7)  I(T7) vn+1
See Section 3.1 in [18] for details on this derivation. Since (I, k) is such that [ > cfl( ) for
some x € Ly, we have |5, )| < 7y/logn/n from (B.3) and thereby Yii = (B + zeu)? <
C, logn/n on the event A, for some C, > 0. Next, the prior ratio (under the Galton—

Watson process prior) equals

I(T) _ p(1—piya)?
I(7-) l—p
For p; = I'"! < 1/2, we can bound this from above with 2I'"!. Since for each (¢, k), the
mapping 7 — 7~ is injective, we can bound (B.10) with
ZTE'JT;,C WY<T)
X7 Wy (T)

where T, corresponds to trimmed trees inside Ty, whose pre-terminal node (I, k) has been

2F—lecy/210gn S 2F—lecy/2logn7 (B12>

turned into a terminal node. Writing d;, = m}n di(x) and d = min min dye, we can
relip

0<I<Lmaz O<k’<2l
then bound the probability in (B.8) with, for I' > 2

Lmaz 2l—1 Lmaa -
%26 Cy/2logn | ]Il > min d — eC'y/Zlogn /2 -l < eC’y/Zlogn—dlog(F/Q)
>0 S A i die) ISUERE
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Since M (-) and 7(-) are bounded away from zero and t(z) > t; (see Assumption 1), for a

sufficiently large n we have d;(z) = d;(z) for all z € [0,1] and

- 1 1
dZQ—i-glogn— gloglogn,

where d* < C = min min minlogC)(z) for some d* € R. For a sufficiently large T,
0<i<Lmaax 0§k<2l €l
the right side goes to zero. O]

Next, with our Bayesian CART prior we can deploy Lemma 2 of [18] to find that, on
the event A,,
O[T :S(fo; A) L Tine | Y] — 0 as n — . (B.13)

where S(fo; A) was defined in (B.5). We can thus conclude, together with Lemma B.1
above, that EII(E°|Y) — 0.

B.1.2 Controlling the Bias Term

The next step in the proof is to show that the class of trees T" in (A.5) are good approxi-

mators of locally Holder functions.

Lemma B.2. Let fy satisfy Assumption 1 and let dy(z) be as in (B.2). We define the local

bias as

@) = 3 ST difa)) (@) (B.14)

With (,(x) = (n/logn)!@/24@F the local bias is uniformly small in the sense that

B = sup [Cn(x)|f(}d|} < C  for some C > 0. (B.15)

z€[0,1]

Proof. Using Lemma 1 and assuming M (z) < M we have for some C; > 0

B= swp [G@)|f"]] < sup [<n<x> > Y 2> da) g

z€[0,1] z€[0,1] 1< Lmaz k=0

< 2M sup |[((w) Z 271t | < 9M ) sup Cn(:v)Q_J’(x)t(x) .

z€[0,1] l>£lvl(:p) z€[0,1]

From the definition of d;(z) and Cj(z) in (B.2) and (B.1), we have under Assumption 1 for
some C' > 0

t(z) t(x)

2R < (o))t (187 L _C [ )T
n 2M C; \logn
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B.1.3 The Main Proof

With & introduced in (B.6), we have shown in Section B.1.1 that E;II(E°|Y) — 0. We

can then write, for 4,, introduced in (B.7),

Bull|1+ sup Golf(e) = le)] > M| V] < PRlA] + BgITiEw Y]+ Byt

z€[0,1]

where

ngﬂlfeé‘: sup Cu(@)|f(2) = fo()| >Mn‘Y]. (B.16)

z€[0,1]
Using the Markov’s inequality, one can bound the display above with
e < M [ sup G@)|f(@) = fo()ldIL(f | V)

1601

<M [ sup G| (@) = fi()|dIL(F | V) + M, B,

1601

where f¢ = fo — 4 with fO introduced in (B.14) and where B was defined in (B.15) and
was shown to be O(1) in Lemma B.2. We now focus on the integrand in the last display
above. For a function f € £(T) supported on 7 € T" we have
f@) - @€ Y Len2P8i-84+ Y Le 2?8l (BA7)
(LE)ETint (LK) Tontil <di (<)
We now focus on the second term above. Since trees 7 € T catch large signals (definition
of T in (A.5)), we have |3}),| < Alogn/y/n for (I,k) ¢ T and thereby

logn 4 (=)
sup |Cu(x) Z 2l/2]1$611k|610k| < — = sup Co(x)272 : \/@ (B.18)

=€0.1] (L) E T 1< () z€[0.1]

Above, we have used the fact that (for M(z) < M and t; < t(z) < 1)

N 1/2 1/2
<n<x>2dl<x>/2g<2M/a>1“2t<l‘>+”( n ) s( n ) .

logn logn
Regarding the first term in (B.17), we can write for a given tree 7 € T

AT = [ s [Go@) S e, 2260 — B3| dB|T,Y)  (B19)

z€[0,1] (LK) ETin
< max |8 — By, sup (n(x)Zd’(x)/Q} dl(B|T,Y)
(LE)ETint z€[0,1]
n
< — dll Y
ogn ] oex |G = Bild (8| T.Y).

14



According to Lemma 3 of [18], the integral above is bounded by C”y/logn/n, which implies
A(T) < By uniformly for all T € T for some B4 > 0. We now put the pieces together.
From the considerations above, we continue the calculations in (B.16) using (B.17) and
(B.18) to obtain

e < M7 Y TT|Y) [ sup Gula) |fla) = fo'(a) | dLI(F[ Y, T) + o(1)

TeT E(T) zelo,1]
<M;*? [(’)(\/logn) + Ba| +o(1).

The upper bound goes to zero as long as M,, is strictly faster than /logn.

B.2 Proof of Theorem 2

We follow the strategy of the proof of Theorem 2 in [18]. We first show the set C,, has an

optimal diameter, uniformly over the domain [0, 1].

B.2.1 Optimal Diameter
We will use the following Lemma (a simple modification of Lemma S-11 in [18]).

Lemma B.3. (Median Tree Estimator) Consider the prior distribution as in Theorem 1
and let Ty be as in (3.5). Then there ezists an event A such that Py [A%] =1+ o(1) as

n — oo on which the tree Ty has the following two properties
(1) With S(fo; A) defined in (B.5), we have
Ty 2 S(fo; A).

(2) With dy(z) as in (B.2) and with Ty,,, denoting the pre-terminal nodes of Ty, as
defined in (A.4)
I <mind(z) Y, k) e Ty,

€l

Proof. Recall the notation L., = |[logyn|. We denote with
Ty ={T : Tiwe 2 S(f0; A)} and Tp={T:1< nel}nc?l(x) V(I k) € Tin}-
Tl

We define an event AF = {Y : II[(Ty NT3|Y) > 3/4}. Using (B.13) and (B.8) we know
that Py, (A%) = o(1) as n — oo. Then, on the event A, for any node (I, k1) € S(fo; A)
we have

(I, k1) € To | Y) > T(T1 | Y) > 3/4 > 1/2

15



which implies that (I1, k1) € Ty, Thereby, on the event A, we have Ty € 7. Similarly,
for any (ly, k1) such that l; > Minger, Jll(x) we have II((l1, k1) € Tine | Y) < 1/4 < 1/2
and thereby (11, k1) ¢ Ty on the event A?. This yields that 7yf € T on the event A}. Since
Py, (A*) =1+ 0(1), one obtains Py, [{Ty ¢ T1} U{Ty ¢ Tx}] = o(1). O

From Lemma B.3 it follows that, for some suitable sequence v,,, that increases at least

as fast as logn (as shown below),

l Cn ()

sup
f’gecTL

sup
z€[0,1] Un

uu»—gmﬂzzoﬂxw. (B.20)

Indeed, for any f, g € C,, we have

zsel[lopl] [C”U(j) |f(:c) a g(:t:)| = zselé)pl} [C"U(n ) (\f(:c) B J?T(x” * |fT(x) - g(:c)])]
o [Ga@)on(@)
: 216[01?1] [ Un 1

where o, (x) was defined in (3.6). From the properties of the median tree in Lemma B.3,
we know that there exists an event A} such that Py (A}) = 1+0(1) where the median tree
satisfies 2! < 29@) < (n/logn)V/RHOH for all (1, ki(z)) € Ty, For any z € [0,1] and we

then have

t(x) 1 t(x) 1

2t(z)+1 2 Lmaz ~ 2t(x)+1 2
@“”ng<7l)2+122:memm»eﬁaA5WMW<7’)2+17

Up logn = logn

From the definition of d;(z) we conclude that the right-hand-side is O(1) on the event A*.
This concludes the statement (B.20).

B.2.2 Confidence of the set C,

We first show that the median tree is a (nearly) rate-optimal estimator. Denote with
FE = (fr, ) and recall S(fo; A) = {(L,k) : |8%] > Alogn/\/n}. Recall the definition of

trees T in (B.4). Let us consider the event

where the noise-event A, is defined in (B.7). According to Lemma B.3, we have Py, (B,) =
1+ o(1). Using similar arguments as around the inequality (B.17), on the event B,,, we

have for some M > 0

sup (o ()| fr(z) — fo(z)| < M \/logn. (B.22)



Next, one needs to show that o, (z) is appropriately large for each = € [0, 1].
Let A, (z) be defined by, for p(z) > 0 to be chosen below,

T @

logn \logn logn \logn
We will use the following lemma which follows from the proof of Proposition 3 in [? |
Lemma B.4. Assume fy € Cgs(t(x),x, M(x),n(x)). Then for the sequence A, (x) in (B.23)
there exists C' > 0 and | > A, (x) such that
‘ﬁlokl(x)| > C 2 An(@)[t(z)+1/2] (B.24)

Proof. From the definition of local self-similarity, we have for some ¢; > 0

279" ey < K (fo) (@) — fol2)| < D226, (B.25)

1>

Now, for all N > 1 there exists j > A, (x) such that, using (B.25)

. 1 An(@)tN-1 ;
|85, ()| = N R | Bty ()]
—(An(z)+N)/2 00 [e'S)
> Q((NH)/ ( > 2l/2|5z0kl(x)| - > 2l/2|ﬁzokl(z)|>
I=An(z) I=An(z)+N
> W (TAn(m)t(ﬂe)C1 — c(t(x), N>2*(An(ff)+N)t(x))
> 2(An2(j\)[+zv)/2 9~ An(@1(@) e QQ—An(:c)[t(:c)-&-lﬂ]. O

where ¢; = 27"/2¢; /(2N) and N is large enough.

Combining (B.23) with (B.24), one can choose p(z) such that for each z € [0, 1] there
exists [ > A, (z) such that

| By > Cl20()] ()‘1/2\/1Oin(logn) 2 > Alogn/v/n.

Since this is a signal node (i.e. By, ) € S(fo; A)), it will be captured by the median tree.
One deduces that the term (I, k;(z)) in the sum defining o, () is nonzero on the event B,,

so that

t(x)
logn flogn \/ )V, [logn 2@+

log n
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For v, faster than logn for all x € [0,1] one has o,(z) > v/logn/(,(z) and from (B.22)

one obtains

Bnc{sup[ (@) = fola)

z€[0,1] | 9n (I)

< 1/2} (B.27)

and the desired coverage property, since

Pf0<faecn>=Pfo(sup[ L (@) - fola)

z€[0,1] | 9n (l’)

< 1) > Py (B,) =1+ o(1).

B.2.3 Credibility of the set C,

We want to show that
e, | Y =1+ Opf0(1>.

We note that the posterior distribution and the median estimator fT converge at a rate at
x € [0, 1] strictly faster than o, (z) on the event B, using again the lower bound on o, (z)

in (B.26). In particular, because of (B.27) we can write

£y (11 swp 1500 - @ <1[7]) 2 (B.2s)

x€[0,1] On (:E)

Ey, (H l sup f(@) = folw)] <1/2] Y] H3n> +o(1). (B.29)

z€[0,1] Un(x)

The right side converges to 1 in Py, -probability, which concludes the proof of the theorem.

B.3 Proof of Theorem 3

The proof follows the lines of [41], with several refinements to allow for weaker constraints

on the inclusion probabilities w;’s. For some suitable B > 0, we define an event (for
Linas = [logyn])

Aup = {len| < 1/2[log2 + Blogn] V(I,k) such that | < Ly} (B.30)

which satisfies Py, (AS 5) < 21%". First, we show an auxiliary Lemma which is reminiscent
of Lemma 1 in [41]. We define S(fo; A) = {(I,k) : | < Lyae and |3),| > A\/logn/n}.

Lemma B.5. Under the assumptions of Theorem 3 there exists a > 0 determined by 6 > 0
defined in (3.9) in Assumption 2 and A > a such that, uniformly over C(t, M,n), we have

Ef T[T NS(fo;a)#0]Y]=0(1) asn— oo (B.31)
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and

EqITS(fo; A) L T|Y]=0(1) asn— oo. (B.32)

Proof. We first prove (B.31) folowing [41], except that we have a weaker condition on the
prior on 7. Note that

[T NS5(fo;a)® #0[Y] =113 k) € T NS (fo;a)| Y]
2l—1
< >0 DT K) € S(foa)l T K) € T YT,
I1<Lmaz k=0
We denote by T the set of all subsets of wavelet coefficients §;; up to the maximal depth
Loz = [logyn]. Then

Yrer (k) € TI(T)mn(T)

k) € TV = = T (T)

where

ma(T)= [[ e %% x [] /e_%|ylk_ﬁlk|2ﬂlk(5lk)d5lk-
(

(L,k)ET LE)eT
For a set T such that (I, k) € T we denote with 7~ = T\{(l, k)}. Due to the fact that the

marginal likelihood factorizes, we obtain

e,k e 7y) = Zreelll k)zig ﬁég;;g%(r)mn(fr—)’

where, invoking the prior assumption (3.8), we obtain

H(T)mn(T)
(T =)ma(T)

_ ny2
< V2mn 1/20><C’T><wl><e2Y”v.

R(T,T™) =

This yields
I[(1k)eT|Y]<V2rn2C x Cp x wy x e3 ik,

On the event A, g in (B.30) we have |g| < 1/2(1 + B)logn and for (I,k) ¢ S(fo;a) we
have |G| < ay/logn/n. We use the fact that for any b € (0,1)

n 1 2

—b b a
§Y2z < Tele + 5 6?,6 + |ew|ay/logn + 5 logn

to find that for C = /27 x C x Cp

[T NS(fo;a)£0|Y] < éna22—1+b(1+B) Z n Z o 5ted g lewlviogn
I<Lmaz  k:(1,k)¢S(fosa)
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Since, using the prior assumption (3.9),

1-b 2 a _b,2.,a
Z wy Z e 2 et 5lelviogn <2 Z QZCUZ/ e 2% +2z\/logndl,

lSLmaz k(l,k)({S(fo,a) l<Lmaz
2/(20)
§2 2mn® > Sy,
\/l_) I<Lmas

This yields

2\/2mC T B e/ (20

We can find b and a such that a4 2b(1+ B) +a?/b < § and thereby, using the assumption
(3.9),

2lwl.

[T NS(fo;a)*#0]Y] <

[T NS(fo;a0)#0|Y] < Lopaan” 2

for c = § — [a® + 2b(1 + B) + a*/b] > 0. This proves the first statement (B.31).
We now prove that there exists A > 0 such that on the event A,, 5 we have (B.32). We

have
H[S(fo; A ZTIYI< > ULk ¢T|Y]
(Lk)eS(fo;A)
For T such that (I, k) ¢ T, denote with 7+ =T U{(l,k)}. Then

Srer LK) ¢ TVR(T, THOIW(T " )ma(TT)
Yrer (T )mn(T) ’

k) ¢TIY] =

where (choosing R > Cjs + \/2(1 + B)logn/n for a suitably large Cj)

[L(T)m,.(T) nl/? _ny2
; ;+ = < 2"k,
R(T,T7) (T H)m,(T+) = V21 crw, cRce

Above, we have used the fact that on the event A, g we have |Yj| < U = C’g—i—\/Z(l + B)logn/n <

R and for some ¢ > 0

[©(R; Yik, 1/n) — S(=R; Vi, 1/n)]

V2
NG

n L V2T
/675|Ylk7ﬁ”“‘2771k(51k)d51k > CR/ e sl g, = cp
-R vn

[ (U; Yig, 1/n) — ®(=U; Yy, 1/n)] > cp (®(2UV/n;0,1) — 1/2)

>CR

\/ﬁ

20



where ®(x;p,0) is a cdf of a normal distribution with mean p and variance o. On the

event A, g (in (B.30)) we have |e;| < 4/2(1 + B)logn and
Yip = [(Bi)* +ew/vn]* > (B)?/2 — 4(1 + B)logn/n > [A* — 4(1 + B)]log n/n.

This yields (using the prior assumption (3.9)

T (i A) 2 T1v] < DG A neiarsinire o s
’ - 27 Ctr Cr

for A?/4>2(1+ B) + B, + 1/2. O
Now, we complete the proof of Theorem 3. We deploy Lemma B.5 to find A > a > 0
such that for S(fo;b) = {(l,k) : |8}] > b\/m} we obtain, on the event A, p,
O[T :TCS(fo;a)| Y] =1 and II[T :S(fo; A)LT|Y]—=0 asn— oc.
Similarly as in the proof of Theorem 1, we then define
T =A{T:5(fo;A) CT C S(fo;a)},

and we denote with £(T) the set of of functions f(r) = > xyer V() B We also assume
that the bound A > 0 can be chosen large enough such that

sup  Egll| max |By — Blk|>A\/logn/n’Y

fo€C(t,M,n) (Lk)ES(fo;A)

log n

This is indeed the case, as shown in the proof of Theorem 3.1 in [41]. From the definition

of local Holder balls we have

{(,k) : 1 <mindy(z, A)} C S(fo;a) € {(I,k) : | < mindy(x,a)},

€l €l

where d;(z, a) is defined as in (B.1) using a instead of 5. We note that for each f € £(T)

with a coefficient sequence {3} that satisfies

@ k)es f ) |6lk — /Blk| < A\/log n/n (BS?))

_t@)
and we thereby have for (,(z) = ( n )2t(z)+1

logn

Cul@)If(2) = fol@)] < Gul@)|fol2) ]

+ Cn Z I[ ZE S Ilk)2 /2|6lk - /Blk| + Z I[ ZE S Ilk)2l/2|ﬁlk|
(Lk)eT (Lk)gT

(B.34)
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where fl(z) = fo — £2% and where f)? is the bias term defined in (B.14) which satisfies
SUP,e(0,1] Co(2)| fo(z)\] = O(1) according to Lemma B.2. Focusing on the last term in
(B.34), we know that for each T € T, we have |Bj.| < Ay/logn/n for (I,k) ¢ T and
[ < mingey,, afl(x, A). Thereby, we obtain

sup Gu(x) Y. I(w € 1y)2Y2|85| S y/logn/n sup Gl )2dl @A/2 — O(1).

z€[0,1] (Lk)¢T z€l0,1

Regarding the middle term in (B.34), we use the property (B.33) and the fact that (I, k) € T
and x € Ij; implies [ < Jl(x, a). Then

sup Co(z) D Iz € 1y)2"2| B — 8| < \/logn/n sup Gu(x )2%(:”’&)/2 = O(1).

z€[0,1] (LE)ET z€[0,1]

This completes the proof of Theorem 3.

C Proof of Theorem 4

The proof of Theorem 4 is based on Corollary 2.1 and Theorem 2.2 of [60] for the regression
case with wavelet priors and the proof is very similar to the proof of Propositions 3.1 and
3.2 of [60] . We first determine €, (\) defined by

{8 = Bollz < Ken(A) | A] = e " (C.1)

for some K > 0 and where A is the unknown hyper-parameter L, 7 and « in cases T1, T2 and
T3, respectively. We assume that f; satisfies (4.2) and determine €,(\) and €, o = inf) €,(\)
in all 3 cases (T1)-(T3).

Case T1. The main difference with Lemma 3.1 of [60] (further referred to as RS17) is
that the parameter space is different. We denote with B, = (B : | < L,k € I) for
I ={0,1,...,2" — 1} where 2! = |[;|. Since Sy, = 0 for [ > L, we can write |3 — Bo||3 =

18 — BLII5 + Zl>L 221 o (BR)?. For sp = K2e(L)* = Y Zzl o (B)? we use the same
arguments as in Lemma 3.1 of RS17 to conclude that

(1182 — Blll2 < su| L) = ¢ 1en2 H/2)(14000)

as in the proof of Lemma 3.1 of [60]. We then obtain a variant of equation (A1) in RS17

2t—1 K29L 9L/2
log (

531 + Z Z (ﬁzok)Q =

I>L k=0

) (1+o(1)).

n
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In addition,

2l—1 M29—2a1L
DZL ;(@%)2 < m(l +o(1))
so that .
€no S (n/logn) /@t and ¢, (L)% < SN B+ 2 logn‘
I>L k n
For all §y satisfying also (4.5), we obtain that
2L logn

€npo < (n/log n)_o‘l/@‘“H) and  €,(L)* > M2l ¢
n

(C.2)

Case T2 and T3. Similarly as in the proof of Lemma 3.2 in [60], it can be seen that (see

equation (3.4) in RS17 or Theorem 4 of [? ])

—logII(||B]l2 < Ke| a,7) < (KG/T)_l/O‘.

Note that this equivalence is valid for the non-truncated prior and remains valid under the

priors defined in T2 and T3 for any positive o.* Similarly as in the proof of Lemma 3.2

[60], we bound from above

inf hlI?
heHw;lllrlifBollzée“ Iz

by ||Bol|%e. if @1 > o+ 1/2 where, under (4.2),

M M
2 _ -2 (2a41)1 402 1 (2a4+1-2a1)l 1
a, T — 2 < e 2 <
1Bollsze.r =7 Zl,k b < 7 Zl ~ 7220, — 1 — 20
and by
L _
e M. 2(2a+1 201) Le
2 _ =2 (2a+1)l 02 1 —2a1Le __ 2
ar =T 23302 < . M2 =
[1Boll7ze. T 2 B S 220+ 1 - 2a1] 1 €

if y < a+1/2 or by

MLe .
Bollfer S =55, it ar=a+1/2

We thus obtain that if a; # a + 1/2 then

1 Zatl
< g—/(2a+1) _1/(2041)
en(a,7) S ! * (m'?(ozl —a— 1/2))

1
Ny

4The case « close to 0 is of no importance here since the associated ¢, (\) is much bigger than €, o
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while if a1 = a+1/2

gy L
en, 7) S~/ Gatl) g1/ Getl) | 710g(n7' ¥ )
nr?

Note that if fy also follows (4.5), we can bound from below (similarly to [60]) for all
h € H*; ||h — Boll2 < €n(a, 7) when oy < a+1/2, Lyar > 1,

Allfar =772 3 Y0 2@ VB — 2|34 |8 — hu]

lSLmaac kelll
mq _ 2]\41 —
2(2a+1 2al)Lma.7: _ 2(2a a1+1/2)Lmam 0 _ h

T 2722a+ 1 — 2ay) 72 ls%in kgl:“ B = P

mq _ _
> 2(2a+1 201)Lmas C2(2a a1+1) Lmaa .
= 27220 + 1 — 2a) n(,7)

a1 Lmaa
= m 9(2at1-2a1)Lmaz (1 _ o enla, T)
27’2(204 +1-— 2@1) mq

. log ™
for some C' > 0 and choosing L,,., equal to L,,q. = {%lcfgg(‘;”))J, we bound

1A 2er = €n(a, 7)~Rat1—200)/en

which leads to

1

1 2a+1
> ,—a/(2a+1) 1/(2a41)
en(a,7) Zn T +<n72|a1—a—1/2|>

while if o = a +1/2

1

AL
en(c, 7) > -/ (20+1) 11/(2041) 4 log(n7?) 2+172
o nr?
and if oy > a+ 1/2, since ||Bo||2 > ¢ > 0 for some fixed c,
1/2
en(oz 7_) > n*a/(2a+l)7_1/(2a+l) + H50||2 .
B nr(og —a—1/2)

The lower bounds thus match the previous upper bounds. Minimizing in « in the case
T3 these upper and lower bounds lead to choosing @ = a; and €, =< n—/Ceatl) while
minimizing in 7 (Case T2) with oy < a + 1/2, the minimum is obtained by considering
7 x p~(@m)/Cut) and €, x n~/CutD while if a; > o + 1/2 it is obtained with

2a+1)/ (4a+4)

7 < n~ /M) Jeading to €, < n( up to a logn term.
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Having quantified €, for the three cases, the upper bound (4.4) follows directly from
Theorem 2.3 of RS17.

Regarding the lower bound, we let Ag = {\ : €,(\) < M€, 0} with M, going to infinity
and A either L, 7 or v in cases T'1, T2 and T3, respectively. Then following from the proofs
of Propositions 3.1 and 3.2 of [60] and since the priors on A satisfy condition H1 (using
Lemma 3.5 and 3.6 of [60]) one obtains

(A € Ag|Y) = 1+ 0p, (1).

From this and the remark that for all 8 = {fj} such that 5y, = 0 for I > Lye. = |logyn|

we have for some C; > 0
Hfﬂo _f,BHn g Hf607Lmu.z _fﬁHn—i_Cl Mlnial = Hf507Lmaz _fﬁHZ—i_Cl Mlnial
Z ||f/807L’mal' - fﬂ”’n - Cl Mln_al = ||f507LnLaw - fB”Q - Cl Mln_al‘

Together with the fact || fs,, — fall2 =118}, .. — Bl]2 we obtain for some 6 > 0

Lmu.z

By ={f:1If = folhjoa < n”%nfan)}
the following (with ,(8) = log f(Y | B) and m,(\) = [5eln(P=BIGTI(B] \))

(B, |Y)=I1(B,N{X € Ao} | Y) + op, (1)
Jreny Ji, €O 0ATI(B] A) dII(A)
N Jreng mn(AN)dII(N)
The Case T1. We have A = L and set L,, ; such that L, ; = |log(Lo(n/logn)'/2a1+1) /1og 2|
for some suitable Ly > 0. Then II(L € Ag|Y) =1+ op, (1) and and for all L € Ay under
(4.2) and (4.5) we have

2Ln,1M—2/O¢1 < 2L < 2Ln’1M2.
Moreover
I(B,|Y)= Z (B, |Y,L)II(L|Y) + opfo(l).
LeAy
It will be useful to rewrite (4.1) in a vector notation. For any L > 1, we denote with 3,
a vector with coordinates 8; = By, for j = 271 4k —1. If L < L., and B is according to
the model L, i.e. By = 0 for all [ > L, the log-likelihood at 3 (conditionally on the model
L) can be written as €,(8) = (,(81) — (B—BL) ¥, YL (B=Br) C', where

202

~ ULy
U (i,7) = Ya(x;) for j:2€_1—|—k‘—1, i<n, andfor B = L ,
n
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since U Wy = nl so that £,(3) = —%4—0’. This implies, together with the Gaussian
prior on the S when | < L, that for all L < L,,,, the conditional posterior given L is

Gaussian with a mean 3, = 7;% and a variance 02I/(n + 1). In the following, we write

9~L72 as the subvector of BL whose coordinates correspond to j = 21 + k — 1 with k € I},
and N'(A2,0%I,/(n + 1)) as a Gaussian vector with a mean 67, and a covariance matrix
0?l,/(n + 1), where I, is the identity matrix of dimension || = Y <, I;2 < ¢2* for some
c¢>0and L € Ag. We have

(B, |Y,L) < P(IN (2, 0° I/ (n + 1))I| < n” )
—26 .2

< P(IN(0, B)|? < (n + 1) 0

o2

) n=2e |
P (2L < 0+ Dm0 5

for some ¢ > 0, since
~25 2
(n + 1)72"’0 < n P (logn)tn!/ ) < p=d| 1| for some g > 0
o

and
(B, |Y) = 0,(1).

Note that the same holds true if the prior is not Gaussian and if oy > 1/2.
The cases T2 and T3 We write (o, 7) € A to denote a € Ay in the case T2
and 7 € Ag in the case T3. We have n=® = o(n"%¢,(ay)) as soon as § < 2a2/(2a; + 1).

Moreover, given A the conditional prior probability

(18 = Bozllz < 2n~en(an)la, 7) < TI(1B]> < 20 ()], 7)

-1/
Y

S Cle*C(n_'sEn(Oél)/T)

for some C,C" > 0. We also have using the notations A\, = «; in case T3, A\, =
n~(@1=2)/CatD) in case T2 with oy < a + 1/2 and A, = n~Y@*) in case T2 with
a; > a+1/2. Set
D, = / i ()7 (A)dA
A
then

An(141/n)
D, > / ma(A)dIT(N)
An(1—1/n)

and using
H([A(1 = 1/n), A\u(1+1/n)]) > e—nen(al)Z/Q7
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we obtain that for some Ml > 0,

Py (Do < e~
< 2 f>;7((11j11//77:)) fHB—ﬁoHSEn()\) PO(ln(/3> - ln(ﬁO) < _Mlnen(a1)2/4)dn(ﬁ | )‘)dﬂ()‘)

B S ETITI(I8 = Boll < ea(A) [ N)dIT(A)
< 1

~ ney(aq)?’

This leads to

Ppy ((B,Y"™) > €) < Py, (D, < e~ nen(e?)
eMlnen(al)Q

+ i/A (|3 = Borllz < 20 en(@1)|\)7(A)dA

€

Minen (ay)?
<o(l)+ o sup e~ en(on)/m) 7
- € AEAg

Moreover for all A € Ay, (€,(ay)/7)™Y* 2 ne2(a1)(logn)? for some q € R, therefore
Py, (II(B,|Y™) > €) = o(1).

This concludes the proof of Theorem 4.

D Intermediate Results for Theorem 5

We first describes some properties of the Gram matrix induced by irregular designs X =
{z; € [0,1] : 1 < i < n}. Note that Lemma F.1 implies that, under the balancing
Assumption 4, we have for the j column X; of X with j =2' +k

2n (C +1
X0 = 2 < 2m(€ 1) and Xl = 2% < ZHEED o
and for i = 22 4+ ky
| XX < Cd\/ﬁlog“nQ%H{(lg, ko) is a descendant of (I, k)}. (D.2)

Recall the notation of pre-terminal nodes 7, in (A.4) and let X = {x; : 1 <7 < n}.
We will also be denoting with A, (A) and Ae.(A) the minimal and maximal eigenvalues

of a matrix A. The idea behind the proof is similar to the one of Theorem 1. We will be
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using the same definition of d;(z) in (B.2), T in (A.5), £ in (A.6) and S(fo; A;v) in (D.14).
First, we show that EII(E°|Y) — 0.

To this end, in Section D.1 we show that the posterior concentrates on locally small trees
and in Section D.2 we show that the posterior trees catch signal nodes. These results will be

conditional on the set A in (D.4). The complement of this set has a vanishing probability
Py, (A°) < 2/p — 0 where p = 2Lmes = |C*/n/logn| for some suitable C* > 0.

D.1 Posterior Concentrates on Locally Small Trees

We now show that

{7300 € Tou st 1> min dif)] Y] 0. (D.3)
on the set
A={e: | X'e|lw < 2|1 X]\/log p}, (D.4)
where || X || = max [| X, |

To prove this statement, we follow the route of Lemma B.1 for the white noise model.
The irregular design requires non-trivial modifications of the proof due to the induced
correlation among predictors. Similarly as in the proof of Lemma B.1, we denote with 7~
the sub-tree of 7 obtained by deleting a deep node (1, k1) which corresponds to the column
X; where j = 2" + k; and which satisfies I; > d;(z) (as in (B.2)) for some z € Iz, and

thereby |Gk, | < v/logn/n. Then we have

NY(T) _ 1 1 / 1 /
Ny(T>—mexp{2Y[XTETXT XTETXT]Y}. (D.5)

Using Lemma F.2, we simplify the exponent in (D.5) to find for ¢, = g,/(g, + 1)

Ny(T) 1 p{can;(I—PﬂYP}

MNT) Vo 27

First, we bound the term

X = Pro)Y [ =X = Pro)(X,8) + X\rBly +v)[*

<2|X;(I = Pr-)X; 1871 (D.6)
+4|X(X\ 7B + ) (D.7)
+ 41X Pr (X\rBYr + V). (D.8)
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Using the design assumption (D.1), the first term satisfies (since A\par(I — Pr-) = 1)

(X5 = Pr-)X;]%18)
Z

= Z18]* < | X;ll31og n/n < log™ n,

where we used the fact that (I3, k1) is deep and thereby |57 < \/logn/n. Next
Using (D.2), the Holder condition and the assumption ¢; > 1/2, we obtain

X, X\ 7B < Cav/nlog'n Y 1[(lo, ko) is a descendant of (I, ky)]21 /227 +1/2)
(I2,k2)

L'Vna:c
< Cgy/nlogin Y 2lhgh/29-la(ti1/2)
lo=l1+1

Cqy/nlog’n "

Regarding the second term in (D.7), on the event A, we have from the Lemma F.3
| XIv| < |Xi(Fy— XBo +¢€)| S vnlog"n. (D.10)

We again split the term (D.8) into two and upper-bound each summand separately. Using
the fact (from Lemma F.4) that (X},X7)™' is positive definite for any 7 and thereby
| W (X5 X7) 0| < Mpaa (X X7)7Y) X |[u'v] for any u, v € Rl we have

1

X Prv| <
| 7 Vl n )‘min(Xir—XT*)

| (X7-X5) (X7-v) [

Note that the matrix X+ has |7;,,| columns, one for each active wavelet coefficient. Using
Lemma F.1, we know that the |7;,;| x 1 vector (X’ X;) has only [; nonzero entries due
to orthogonality of (I1, k1) to non-ancestors. In other words, there is one ancestor for each

layer in 7~ that is not orthogonal to (I, k). Using (D.2), we thus find that

-1
L 3C,

1 X7 X|l1 < Cav/nlogin Y- 212 < ?/5211/2 log"” n.
1=0

Under our design Assumption 4 and using Lemma F.3, we then also find that for each

column X,, of X7 we have | X’ v| < /nlog'¥n. Altogether, using Lemma F.4, we

conclude
21/210g" n

vn

| XiPrv| < x v/nlog"’n < v/nlog" ™V n. (D.11)
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Similarly, using the fact that the only nonzero entries of the vector X’-_ X correspond to

the I, ancestors of (I1, k) inside the tree 7~ and using (D.9) we obtain

1
’X]IPT_X\TﬁST‘ < N (X/ X’T ) | (X';’_XJy(X'IT_X\TﬁST) ‘
min T* -
Cavn, ., = ,Cav/nlog’n 2041
< i log nz2/T§log+n.

=0

This completes the bound for the term in (D.8).

Now, we find a lower bound for Z = X]’-(I — Pr-)X;. From the proof of Lemma F.2, we
can see that 1/Z is a ‘submatrix’ of (X,-X7)~!. The eigenvalue of this ‘submatrix’ will be
smaller than the maximal eigenvalue of the entire matrix (X,X7)~! (from the interlacing

eigenvalue theorem [? |) and thereby
1/Z < A (X5 X7) ™" = 1/ Ain (X5 X 7).
From Lemma F.4 we have
Amin (X5 X7) > An for some A > 0. (D.12)

From Z > An we then obtain for some suitable C > 0

Ny (T)

< exp (C'log?P+voll ) |
N(T) ™ b (Clog )

We can now continue as in the proof of Theorem 1 by plugging-in the likelihood ratio
above in the expression (B.12). Earlier in the proof of Lemma B.1, the likelihood ratio was
of the order e“!°8™. Here, we have a larger logarithmic factor which can be taken care off

by choosing p, = (D)~ as the split probability. We then conclude (D.3) using the

same strategy as in the proof of Lemma B.1 for the white noise.

D.2 Catching Signal

We now show that, on the event A in (D.4),
O[T :S(fo; Av)LT|Y]—=0 asn— oo (D.13)

for

S(fo, Asv) = {(LK) : |Bj| > Alog™ ™ n//n}, (D.14)
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where v is the balancing constant in the design Assumption 4.

The proof of (D.13) follows the route of Lemma 3 in [18] with nontrivial alterations
due to the fact that we now have the regression model where the regression matrix is not
orthogonal. Suppose that (1, k1) € S(fo; A;v) is a signal node for some A > 0 and let T be
such that (I3, k1) ¢ T. We grow a branch from 7 that extends towards (I, k1) to obtain an
enlarged tree T+ D 7. In other words 7 is the smallest tree that contains T and (I3, k1)
as an internal node. For details, we refer to Lemma 3 in [18]. We define K = |75\ Tini|

and write

N 7- 1 / / /
]\G/Y((’TJF)) = (1+ga)"?exp {2Y (X787 X7 — XT+ET+XT+]Y} : (D.15)

We denote with 7 =7~ — 7! — --- — TK = T+ the sequence of nested trees obtained

by adding one additional internal node towards (l1, k7). Then using Lemma F.2 we find

Ny (T) K72 ] Y (Pri-s — Pps)Y
¢ D.1
Ny (T+) (1+gn) jl;[lexp Z, (D.16)
K W X0 (T = Py)Y ]
:(1—|-9n)K/2HeXp{—C| [ m— )Y } (D17
j=1 J

where
P = X7 (X5 X75) ' Xy and Z; = Xp(I — Pioa) Xy

and where X[;; is the column added at the 4t step of branch growing. Let X (k] be the
last column to be added to X+, i.e. the signal column associated with ({1, k;). We will
be denoting simply B[OK] = Blol », the coefficient associated with Xgj. Then (using the fact

that Px_; is a projection matrix onto the columns of Xyx-1)
| X1 (I=Pr1)Y |* = | X{3)(I= Pr—1) X151 85y + X (1) (I = Pic 1) X\ 75 B+ X g (I = P 1 v |?
Using the inequality (a + b)* > a*/2 — b?, we find that

(X — Pc)Y?  ZklBal” 1
] 7 > Q[K] - Z7K|X[IK}<[ - PK—l)X\TKﬁgTK + X[IK}(] - PK—l)V|2-

Next, since all entries in X\7« are either descendants of (I, k;) or are orthogonal to Xxj

we have (using similar arguments as before in Section D.1)
| Xix (I = Pr—1) X7 Blyse | < | X{iy X7 BUrsc| + [ X P 1 X\ 7 Bhyse| S v/nlog! .
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Finally, using Lemma F.3 and similar arguments as in (D.11), we find that
| X (I = Pre)v| < | X[gu| + [ X[ Prav| S Vnlog"t V' n

which yields

(Xt (I = P )V ZilBigl — Canlog™ @ n

7 > 5 7 for some C; > 0.

The term Zx = X[z (I — Px—1) X[k is a submatrix of the matrix (X7« X7«)~" and by our
assumption (D.12) we have Zx > An which yields (for g, = n) and from the assumption
B0 | > Alog vtV /. /n for some sufficiently large A > 0 and some Cy, Cs > 0

N T v v
Y( ) < eKlOg(l“l’gn)*CQ log2+2+1voll = exp {_03 10g2+2[v+(1Vv)] Tl} .

Ny(T+) ~

Similarly as was shown in the proof of Lemma 3 in [18], we have for p; = (1/I)" with
a = 2[v+ (1 V v)] the following bound for the prior ratio ITI(T)/II(T+) < 24"
thereby for some Cy > 0

, and

T[(h, k1) & Tt | Y] < exp { Calog T) log 2+l py — Cylog? 2Vl |
Thereby, for some C5 > 0,

So o [l k) ¢ Ton | Y] < @ R8T bt < on /2w g,
(l1,k1)€S(fos450)

This concludes the proof of (D.13).

E Proof of Lemma A.3 in Section A.2

To prove Lemma A.3, we split {n;, < s,(0)} into B,y = {ng, < 5,(0)} N {|yr,, — fo(x)]
Moen}, Bna = {nr, <sn(0)} N {{yn,, — fo(x)| > Moen} N {ng,, < 5,(61)} and B3
{nr, < 5,000} N {lr,, — fo(@)] > Mogn} N {nr,, > 5,(01)} where /61 My > 2up.

We first consider B,, ;. We have for I=1,U I,; and writing S =S"U 1, U,

> m(S’)m(f)ﬂS(S/ U j)]IBM m(Iz)m(Iy1)7s(S' Ul ULy 1)

T(By1| D) = =22 e
e S5 m(S)ms(S)
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Moreover on €, ,(u1) N €2, 4 (uo),

m(L)m(L,) _ &2y
m(I) " oy
_ _dvanymn { e }

o yig P\ 2ny e )

Note that on €, ,(u1) we have

logn nr. logn
p]ac(l_ul s )S Iw§p1x<1+ul & )

n npr,

nIac,l — —
exp { " n, = 50 + "G, — 1)

and since pr, > poll.| > poCilogn/n with u; < \/peCi/2 we obtain
2ng, < 23,1(5).

1| <

npPo n

Also ng, \ny, /n; < nj, < s,(5). Moreover,

Y, — Ur., = €1, + Bor, — folz) + fo(x) — U1, (E.1)

and |8y, — fo(x)| < M|L "™ < §'@)Ce, for some C independent on § and n. Therefore
when |7, , — fo(z)| < Moey

=2
nr, N nr¢
%@h ~Y1,.)* < % + 2% ogn + M logn + v/, |1, |[V3[My + C6"@)y log n
I
=2
< % + 3 log n[C26%@) + M) + V5[ My + C6"@ug log n
=2
< % + 2\/5]\/[3 logn

on 2, as soon as My is large enough (independently of §) and § is small enough.

Moreover, on €2, we can also bound ny,€7 by udlogn so that for all b € (0, 1), so that

m(L)m(I 1) < A\ 2m /iy L2VEME, Mot Iy
m(]) - Cow/n[z ”111
< v 277\/ 2VoME+buZ /2], 7);”“‘ Iy
T oA/, /NI,

(l_b)nlzg%af
2

and denoting Zblz = exp{ } and using the fact that

e(l—b)u2/2—u2/2
V2T
33
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we obtain on €2,

bu2 /24+2V5 M2 .2
H(Bn,1|Dn)§ 2mn’%o ocy
Co
/ / T I |{m,1‘B|II|B\/7Tf Z]x
S%ulm<5) ( )WS(S U >I 15111 Bna HENG At
X
> m(S)m(I)ms(S"UT)
S=5'ul

Note that for any I containing z, there are many possible choices for (I, 1. 1) such that
I =1,,Ul,. Alson;/[n;, ,n,] < 2/(nr,, Anr,) so that, choosing without loss of generality

nry, < ng

x,1?

| L1 || LI P /i \/_|1 |7 2|[z|B_1/2
HEN AN Vi, — /Don

Hence, there exists v < 0 such that for any u, = o(1), writing I,; = I \ I, and using

Markov inequality,

1/2—bu2—2v/6 M2
_ UnCor/PoM 0 0
P (I(BoiDa) > un) So(1/n) + 3 P |3 Ly ool P22 > =22

Twel Lol dciv2m
nbud+2voMg Z Z 51

o(1/n) + Ly, <sn(6) ]|
\/_un\/_ Tael le o "

Given that each interval is made of a number of units of size < logn/n, the number
of intervals I, I, ; where |I,| is composed of ¢ units (i.e. elementary intervals (z, z;41)) is
bounded by O(¢ x n/logn) and since n;, < s,(8) , ¢ < de,,? so that

logn\ 22 log '\ B-3/2
Z Hmisn@)Ux’Bil/Q ,S (g) Z €B+1/2 5 <g> 8;2373'

be Te,1 " (<0(”) "

Hence we obtain

P(H(Bn,1|Dn) > up,) S o(l/n) +

bu2+2v/3 M2 B-3/2
n°%o 0 <logn> _9B_3

e, "7 =o0o(l/n
as soon as B > Tt(x) 4+ 2 by choosing b, § small enough.This is verified as soon as B > 9 .

We now study By, 2. When ny, , < s,(d1) with d; > § we have |I, UL, 1| < p1s,(6+01)/n
and by the Holder condition on fy at x we obtain for some M > 0

Bo.t, — Bo,os| < 2M [p15, (6 + 61)/n]")
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so that
glz - glx,l = EII - EIgc,l + 6_07I(E - 607135,1 = EI{IJ - EI.IC,l _|— O(éi(z)gn)

Consider the event

Qpo = {‘v’_f st.nyp<s,(6+d)andz el Y nlvi% 2l < u’“/logn} :

Then since for each (I,1,) , \/nr, /1 (€1, —€r)/v/nr, +nr ~ N(0,1) and since the number
of (I,1,) satisfying [ = I, UL, ; and ny,,nz,, < s,(6) is bounded by a term of order

-2 -6
>, €n Se
~—

<.—2
lZen bound on number of I 1

as soon as (u})? > 6t(x)/(2t(z) + 1) + 2 we have P(Q,2) = 14 0(1/n). On Q,,,

nIa: 1nlz — — 2 nIx lnx
(Ur, = ¥1,,)" <

on; on; (€r, — €1,,)* +a(d1) logn

for some a(d;) > 0 which goes to 0 when §; goes to 0 and similarly to before, for all
1>b6>0

P(IL(B,2|Dy) > uy)

b(u/ )2-‘1‘(1(51) (1 . b)
ne — N 1M, _ _
<SPl ——F— max S T, conoy el P 2exp { e g )28 s,

b(u})?+a(é1)
n 1 _
ny<2sn(@) O Tng, <sn(en) el ® 2

<—>'1
Vbun /1 s el

b(u))2+a(s B-1/2 _ .
n () (01) <logn> £72 —2(B+3/2) _ O(n 2?{;?1(1)+bu’1+a(61)) — 0(1/n)

< €
— \/l_)un \/ﬁ n n n

since B > 8 by choosing b, §; small enough.

Finally, we study B,, 3. Since |I,| < p15,(d)/n we can choose a point in the grid z; € 1,1,
such that |z — x| < 2p15,(0)/n, so that the Holder condition of fy at  implies that

[folz) = folz)] < M(2p1)" @6 Pe, (2).

Moreover, since ¢ is Holder « for some o > 0 on [z, z1] (note that for n large enough |x — 2|

is arbitrarily small) we have
t(x1) — t(z)| < Lod“(n/ logn)~/ @)+
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and £, (2,)? = (n/logn)~2M@0/CH@e)+) — (n /logn) 2=/ @)+ (14 0(1)). Hence, choosing
My > 2(3py)!®, for n large enough,

I (Bn,S | DN)
< T ({|§1.., — fol@r)| > Moea(21)/2} 0 {nr, , > sa(61)}|Dn) = 0p(1/n)

from Lemma A.2 and Theorem 6 is proved by choosing My > 4//6;.

F Auxiliary Results

Lemma F.1. Let X; and X; be columns of X that correspond to nodes (la, ko) and (1, k1),

respectively. Then we have

| X Xi| = 0 when (la, ko) is not a descendant of (ly, k1),

l1+lo
2

| XX <2 Nk, — iy, | when (lo, ko) is a descendant of (11, k).

Proof. When (I, ko) is not a descendant of (I, k1), the domains of ¥,k and v, do not
overlap, yielding orthogonality. When (ls, k2) is a descendant of (I1, k1), the wavelet domains
satisfy Ik, C I,x, and X} X; will be (up to a sign) equal to the size of the amplitude product
2(i+2)/2 myltiplied by the excess number of observations falling inside the longer wavelet
piece ¥y, k, - O]
Lemma F.2. We denote with Pr = Xy (X3 X7)"' X} the projection matriz and with
Z = | X;|3 = X!Pr-X;. Then

Y'(I - Pr)X;X)(I — Pr )Y

Y'|Pr — Pro]Y = 2 (F.1)
Proof. We can write, for S = (XP X)),
—1 ~ ~ ~ ~
X! (X’T_ Xr X Xj) (ET VS X XX XS /2 S XX /Z)
7_ 7— = == ~
XX X3 — X X7r-X7-/2 1/Z
Next, noting that X7 = (X7-, X))
X7 = <XT— Sr-+ ET*XT_XjZXjXTf ET] - XijXZ_ZTf, R ng + ?)
which yields
1
Pr=Pr+ |Pr-X;X|Pr- — X;X;Pr- — Py X; X} + X;X]| .
We then obtain (F.1). O
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Lemma F.3. Let X; be the j' column in the matriz X and let By = (B8Y,. .. ,/82)’ be the
vector of multiscale coefficients (Y, fo) for fo € C(t, M,n) where t, M, n satisfy Assumption
1 with ty > 1/2. Then, on the event A, we have

Xjp| = |X)(Fo — Xfo +€)| S Vinlog™

Proof. From the definition of the set A in (D.4) we know that |Xje| < y/nlogn. Next,
we decompose the bias term |XJ’~(F0 — X By)| into resolutions L, < I < Linas that are
within the spam of the matrix X and higher resolutions [ > Zmax for which the balancing

Assumption 4 is no longer required. Then, using (D.2), we obtain

Zmaz
| XI(Fy — XBo)| < Cav/nlogin Y 2l-hoh/2p-lnsl/2)

l:Lma1+1

+ (| X511 Z > () By,

1>Limas ¥ .

The first term above can be bounded by a constant multiple of 27"/2,/n log”n when
t; > 1/2. Regarding the second term, under the assumption ¢; > 1/2 and using the fact
that Lyee = O[log,(n/logn)], we obtain for each z € [0,1]

1
> Y@< X 2B pl < X 270 garieet gy [ 220,

l>zmaac k l>Lmax l>Lma;c

Using (D.1) we find that ||.X;|; < n and conclude that

| X/v| < V/nlog’ n+v/nlogn S v/nlog!''" n. O

Lemma F.4. (Eigenvalue Bounds) Under the Assumption 4 with 0 < v < 1/2 and with
v =1/2 for ¢ > 2C,C*, the eigen-spectrum of X7 Xt for each T € T satisfies (for n large
enough)

A< Anin (X5XT) < Ao (X5 X7) < Anlogn for some 0 < A < . (F.2)

Proof. The diagonal elements of X’'X | denoted with a(7), satisfy

2cn < a(i) = | X3 < 2n[C + log, | C*y/n/logn]].
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For a given node (I1,k;) € T with i = 2i* + k; we denote with a(\i) the sum of absolute
off-diagonal terms in the i'" row of X’'X. Under the Assumption 4, we show below (for
Cy, =2C, C*)

)= Y IXXap] < Cunlog®2n. (.3
(1K) #(l1,k1)

In order to show (F.3), we split the sum into nodes (I, k) € P(l, k) that are predecessors
of (l1, k1) and nodes (I, k) € D(l, k) that are descendants of (I;,k;). Using (D.2) and the

fact that there are 2'~"' descendants at each layer [ > [; we have (using the fact that

2Lmaz = | C*\/n/logn])
Lmaz

> XXl < Cavinlog'n Y- 27023 < Cav/nlog? n2Frer < CuC* nlog” ™ n
(l7k)€D(ll,k1) l:l1+1

and (using the fact that I} < Lya.)
-1

2. 1XiXoyul < Cav/nlog”n ) 27 < Cgy/nlog? n 2% < C,C* nlog” 2 n.
(l,k)eP(ll,kl) =0

From (F.3) one obtains a(i) — a(\i) > 2n[c — C,, log"""*n] > 0 for n large enough when
0 <wv < 1/2 and for ¢ > C,, for v = 1/2. The Gershgorin circle theorem [? | then yields

minfa(i) — a(\i)] < Amin(X'X) < Aae(X'X) < max[a(i) + a(\i)]. O

Lemma F.5. Assume that z; * U[0,1]. Then fort, = %\1/05;72 we have

P (|7 — il < 2081 V(1 k) 5.1 < Linas) = 1+ 0(1)
for v >1/2 and for v =1/2 when C3/[4(1 + Cy/3)] > 1.

Proof. Under the uniform random design, both nff and nk are distributed according to

Bin(n,2- ). We can write

P(‘ﬁlk - @lk| < 2ntl V(l,k') s.t. 1 < f/mm) >
P(nf —n2="Y) < nt; and  |nk —n2= V) <nt; V(1 k) st 1< Limaz) =

1-P (Ul,k{|nﬁ€ —n2" Y| > pt} U {|nk, — n27HY) > ntl}> .

38



We show that the probability on the right-hand side above is o(1). We note that 9Lmas —
O(n/logn). The Bernstein inequality tailored to iid Bernoulli random variables X; with a
mean g and variance o2 (Theorem 2.8.4 in [? ]) states that

7’L€2

}‘v’e>0

where X,, is the mean of Bernoulli random variables X;’s. Applied to our context, we

obtain

Lmaa:

t2
ZP (\nﬁ; — n2—(l+1)| > ntl) < Z ol+1 exp _2nl)>
Lk =0

Ax 20 7 271 — 27 WD) 4 Cy/31og” n/ (v/n2l/?)

Lmaz 2 2u
< 3% 0 oxp <_Cdlog o 1 )

C?log* n 1
< o+l ——d X
Z(:) P 4 1+ Cy/3log”n x 22 /\/n
L 2 2v
max C l 1
< Z 9+ oxp (_ 08 — )
—o 4 1+ Cy/3log" 7*n

For v > 1/2, the sum can be bounded by (for large enough n)

Zma:tc 2 1
> 2 exp (—C’g/SlogQ“ n) =0 ( n ) x p~Caldlog™ n — (1),

= logn

When v = 1/2, the sum can be bounded by (for Cy = C2/[4(1 + Cy/3)])

Zmaac ~ ’ .
Y 2*exp (_0621/[4(1 +Ca/3)] log™ n) =0 (107;”) x n~Celog™ " — (1) when Cy > 1.
1=0

Lemma F.6. (Random Design) Assume that the design points x;’s are iid with density p
bounded from above and below on [0,1] by p1 and pg, respectively. Then

P (|n[ —n x p(I)] < uyy/np(I) logn> e ralosn yhere = 3/44/poCh, (F.4)
when uy is chosen large enough.

Proof. The Bernstein inequality (Theorem 2.8.4 in [? ]) implies that for all possible

intervals I in the partition, we have

nr—n ui/n oo n exp J — np(I)u?logn
B (1ns = x p1)] < (D) og) < 2 { T W}
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For p(I) > poCiy/logn/n we obtain

np(I1)(1 —p(I)) 4+ ui\/np(I)logn/3 < np(l) [1 + 3\/%] :

With u; > 3y/ppC we obtain the desired statement (F.4). O

G Details of the Simulation Study

Three of the test functions we used have been investigated before in [29]:
(1) fo(x) =3sin[4/(z + 0.2)] + 1.5 according to Example 1 followed from [29],

(2) fo(x) is a simulated Brownian motion on [0, 1/2) (a cumulative sum of iid increments
5x N(0,1/y/n)) and a constant on [1/2,1],

(3) the “Bumps" test function from [29].
(4) the “Blocks" test function from [29].

The cases (3) and (4) exhibit substantial spatial inhomogeneity and should best show-
case the benefits of our locally-adaptive bands. The case (1) is relatively smooth and
thereby smooth estimation methods (such as Symmlets [14] or local polynomials [19]) have
clear advantages over Haar wavelets when approximating the true signal. As will be seen
from the plots, however, these global adaptation methods adapt to the worse regularity,
under-smoothing large portions of the signal. Due to adaptive placement of the splits (com-
pared to the binscatter [19]), our method is very competitive and performs well in terms

of coverage. We elaborate on the Doppler example below.

Example G.1. (Doppler Curve) Similarly as in [30] and [71], we generate n = 2048
observations from a noisy Doppler curve (2.1) with fo(x) = 3sin[4/(z + 0.2)] + 1.5 and
o =1 with x; = i/n. This function has heterogeneous smoothness which cannot be captured
with prototypical global smoothing methods such as global kernel regression (Figure 1 on the
left) which leads to over/undersmoothing depending on the choice of a fized kernel width.
Tree-based methods, such as Bayesian CART, are better suited for this task by placing the

splits more often in areas where the function is less smooth (Figure 1 on the right).
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Doppler Curve: Kernel Regression Doppler Curve: Bayesian CART

M Truth g 4
m KRO.1

B KR 0.01

Figure 1: Doppler curve and (left) kernel regression estimates (ksmooth in R) with a bandwidth
0.1 (capturing well the flat part) and 0.01 (capturing well the wiggly part), (right) Bayesian CART
posterior mean fit (wbart in the R package BART).

We implemented the Bayesian (dyadic) CART (Section 3.1) as well as the Spike-and-
Slab wavelet reconstruction (Section 3.2) using the Metropolis-Hastings (MH) algorithm.
Dyadic Bayesian CART is implemented according to [20] with a proposal distribution con-
sisting of two steps: grow (splitting a randomly chosen bottom node) and prune (collapsing
two children bottom nodes into one). The implementation is fairly straightforward due to
immediate access to the posterior tree probabilities. For the spike-and-slab prior (the
point-mass mixture version [41]), we use a one-site proposal for adding and removing one
wavelet coefficient at a time. We run our Bayesian CART procedure with a split probability
p = a(1/T)! with a = 0.95 and T' = 1.001 which resulted in the MH acceptance rate in
between 15% — 25%. For the point-mass spike-and-slab prior, we used a split probability
p = a(1/T)! with @ = 0.95 and T = 2. This choice again resulted in the MH acceptance
rate in between 15 — 20%. We found that it is important to penalize the inclusion of deep
coefficients in order to prevent from erratic inclusion of spurious high-resolution signals.
This is why the inclusion probability is smaller for deeper coefficients than in the Bayesian
CART, where the tree has to grow into the deeper signal. We found that the tree-shaped
regularization has smoothing benefits compared to the spike-and-slab prior which may de-
cide to include deeper wavelet coefficients without including the ancestors. This results in
less smooth reconstructions and wider confidence bands for the spike-and-slab prior. We

simulated M = 5000 posterior samples for both Bayesian CART and spike-and-slab and
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summarized them after a 1000 burn-in period. All of the procedures we chose for com-
parisons estimate the residual variance 2. While in our theory we set it equal to one, in
our implementations we treat is as unknown with the traditional inverse gamma (IG) prior
(shape and rate equal to 1/2 as in [? ]).

We construct our confidence bands according to (3.8) using an adaptive choice of v, in
(3.7) using posterior information. In particular, we choose v, to be the smallest number that
yields a band that contains (1 — «)% of posterior draws. We implement this optimization
in practice by taking a fine grid of values v, = {0.5+ &k x 0.005 : 1 < k£ < 100} and
computing the amount of simulated posterior probability contained in the set for each
value on the grid. We have chosen a € {0.05,0} for the locally adaptive bands in our
simulations. We denote these two bands with C! (with a = 0.05) and C? (with o = 0)
in our tables. In addition, we compare our bands with the locally non-adaptive band
[18] which uses sup,e(p1j0n(z) as the locally non-adaptive diameter in (3.8). Again, we
choose v,, adaptively so that the band contains (1 — «)% of the posterior probability. We
denote this band by C, using a = 0.05 in our tables. This band is a direct relative to
the globally adaptive construction in [14] where the global level of truncation is estimated
by performing tests on individual wavelet coefficients. We included this globally adaptive
(non-locally adaptive) band in our comparisons. We considered this band to be one of
the closest non-Bayesian counterparts to our approach in the literature. We used authors’
Matlab code which implements a Symmlet 8 basis with default tuning parameter options
(Bo = 3 and M, = 100). We denote this method by CLM in our tables, using a = 0.05.
Next, we compare our bands to (1 — )% credible L., bands centered at the posterior mean
estimator f (ie. {f : SUP,ep,1) | f(2) — f(z)| < R,}, where R, is the (1 — a)% sample
quantile of max,cx | fi(x) — f(z)| where f; for 1 <1i < M are the posterior samples of f
and X = {z; : 1 <i <n}. We denote this band by L., in our tables with av = 0.05. This
construction is locally non-adaptive. The L., band is somewhat similar to the multiscale
credible band in [18] but its coverage properties are not theoretically understood. In our
comparisons, we also included two point-wise bands. One natural candidate is the point-
wise (1 — a)% credible bands obtained directly from our posterior output. The pointwise
credible bands are denoted by P,, in our tables using @ = 0.05. Next, we also include the
(pointwise) bands implemented in an R package nprobust [15]. This is a recent package
which implements robust bias-corrected bands for inference in non-parametric regression

using local polynomial regression. We have used their default settings. This method is
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denoted by CCF in our tables. Another natural method for comparisons is the regressogram
(or binscatter [19]) which we implemented using piece-wise step functions with non-adaptive
placement of splits (option p = s = 0 in the R package binsreg and BIN1 in our tables).
This histogram implementation is the closest frequentist non-adaptive counterpart where
the splits are on a regular grid and not data-driven. We also considered the recommended
default option p = s = 2 (method BIN2 in our tables) based on smoother local polynomials
with a global smoothing penalty across the bins. This package provides confidence bands
based on bias correction and adaptive selection of the number of bins.

For each method, we evaluated the coverage of fy(x) at all design points z; € X (regular
grid x; = i/n for n = 2!9). We report the average proportion of non-covered points
(averaged after 100 repetitions). Next, we look into the average band size (both average
size over all design points as well as minimal and maximal width over design points). In
addition, we keep track of the estimation error of the point (centering) estimator. This is
the median estimator for C,, C,,, the posterior mean estimator for L., and P, the centering
point for CLM, the point estimator of the regression function based on local polynomial of
order p estimated by their default method for CCF and the centering point of the binscatter
bands for BIN1 and BIN2.

The results are summarized in Table 1 in the main manuscript. Our adaptive band
constructions C! (v, chosen with o = 0.05) and C? (v, chosen with a = 0) perform
very well in terms of the average percentage of non-covered points. The comparisons are
particularly striking in the bumps and block examples where the competing methods (as
well as point-wise credible intervals P,, and CCF) grossly under-cover. The performance
of the L., band is also very good but it is not locally adaptive and, again, there is no
theoretical justification. The non-adaptive band C,, from [18] with an adaptively chosen v,
(ov = 0.05) also performs well, but it may be unnecessarily wide. Comparisons of Bayesian
CART with Spike-and-Slab priors are quite interesting. Tree-shaped regularization may
be beneficial when the signal itself has a hierarchical tree structure. With hierarchically
separated higher-resolution signals, spike-and-slab priors are more likely to mix better
and capture these signals. With a tree prior, one may need to initiate MCMC at richer
(deeper) trees so that the trees can grow into the signal throughout the computation. For
smoother signals, on the other hand, spike-and-slab priors may include too many spurious

high-resolution coefficients, causing the bands to widen.
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It is interesting to compare the various band constructions visually. Figure 2 shows one
realization for signals (1) and (2), Figure 3 shows one realization for signals (3) and (4). For
example, the binscatter with a step function (BIN1 method) build on a regular partition
does not achieve uniform coverage. This is in line with the conclusion in [18] (Theorem 5)

showing that regular (equispaced) partitions fail to achieve minimax ¢, adaptation.
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Doppler Curve Brownian Motion
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Figure 2: Plots of recovered bands with true curve marked in red color. The top panel
displays (a) the non-adaptive band of [18] with an adaptively chosen v, so that the band
contains 95% posterior probability, (b) our adaptive band with an adaptively chosen v,, so
that the band contains 95% posterior probability and the binscatter bands with s = p = 0.
The black broken line is the posterior median estimator. The middle panel displays smooth
bands together with their centerings obtained with (a) symmlet 8 basis ([14] with o = 0.05)
and (b) the smooth binscatter [19] with s =4p = 2. The bottom panel displays point-wise
bands: (a) pasted 95% posterior credible intervals and the bands in [15] with o = 0.05.



Blocks Bumps
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Figure 3: Plots of recovered bands with true curve marked in red color. The top panel
displays (a) the non-adaptive band of [18] with an adaptively chosen v, so that the band
contains 95% posterior probability, (b) our adaptive band with an adaptively chosen v,, so
that the band contains 95% posterior probability and the binscatter bands with s = p = 0.
The black broken line is the posterior median estimator. The middle panel displays smooth
bands together with their centerings obtained with (a) symmlet 8 basis ([14] with o = 0.05)
and (b) the smooth binscatter [19] with s =4 = 2. The bottom panel displays point-wise
bands: (a) pasted 95% posterior credible intervals and the bands in [15] with o = 0.05.
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