A  Proofs

A.1 Proof of Theorem 4.1

For y; arising from model (15), from Rockova (2018) theorem 3.1 we have

5o if |Y;| < A.
" Y| = 022 (Bi)]ssign(Y;),  otherwise.

After re-weighting, our objective function becomes

n

B: argﬂr%%%{—z%(m —ﬁi)2+;10gﬁ(ﬁj _Mj|9)}

i=1 j=1

- 1 * *)2 - * (0%
_arggﬁg}g{_zfﬂ(yi — B7) +Zlog7r (5j|9)}

where Y;* = \Jwi(Y; — i) , 87 = Jwi(Bi — ps), and we are imposing prior 7* with \j =
Ao/ /w; and N| = A1 /y/w;. So from (1), the mode estimator 5} for 5 satisfies

/8* —
.= o~
(2

= _ )0 if |V;*] < A.
[|Y:*] — o2 X*(B7)] 4+ sign(Y;*), otherwise.

From the chain rule, \* <§Z — ui) = \* (ﬂ <§Z — ul)> %w, and thus,

= {Mz‘, if [yw;(Y; — ps)| < A. @)

Fi= i + [|Ys — il — 2—2)\*(51 — ;)] osign(y/w; (Y; — w;)), otherwise.
For active coordinates,
EYiEMi,wiKBi - B?>2 | Y] = EY@'EM,W[(BZ‘ -Yi+Y - B?)Q | Y}
<20% + 2EYiEui,wi[(Bz‘ - Yz)2 | Y]

= 20" + 2By, [(6 — Y0 | YII(V@i]Y; — il < A) + 2B By, 0,5 — Yi)? | YII(Vwi(Y; — i) > A)
(3)

where
By, By [(Bi = Y2)? | YIL(Vwi|Y; — ] < A)
A 1 (4)
=EyvE, o[(i — V)2 YI(Y; — ] < < A’E,. —
Y, z[(lu ) | ] (| /“’l‘ | —= \/E) — zwi
and

By By, [(5i = Vi) | YII(Vwi(Yi — ) > A)
1 1

1



where the last inequality in (5) follows the same argument as Rockova (2018): |55 > 6.,
o (p))*(Bf) < ci when |Y*| > A (here (p))* uses Ay = Xo/y/w; and N| = A/ /w;),
ie., p*(Bi — i) < cy when |\/w;(Y; — )] > A (notice p; uses Ao and \;). Thus, since
ci(l—cy) = m, we have \*(8; — ;) < cx(A —Xo) FAo=(1—cp)(Mo— A1)+ M1 <
wi(Y; — pi)| > A

Thus, from (3), (4), (5) and condition (ii), we know that for active coordinates:

= 1 1
EY E#z wz[(/Bi - /610)2 ‘ Y] S 20-2 + 2A2sz_ + 8Ew1_2 S C3A2
w w

For inactive coordinates, for some constant ¢ which satisfies condition (iii),
EKEM,W[(& - 510)2 | Y] = EKEM,W[(BZ')Q | Y]
=By, By [(Bi — pi + p1)° | YII(wi|Y; — s > A)
<Ey By (Vi — il + [ | YII(VWil Yi = ps] > A)

1 1
<2y By [(1Y: — gl + 1pal) | YII(/wil Vi — gl = A)I(w; < O1(|pi] < — + —=)
Ao VAo
1 1
+ 2By By [(1Y: =l + [l ) YTVl =l = A)I(w; < )11l > +— + —=)
Ao VAo
+ 2By By o, [(1Y: =l + |pal) | YII(Vwil Y — | = A)I(w; > t)
iUl +U2+U3
(6)
For the first term U; in (6),
1 1
1 VB, (Vi = il + il 1Y) T(VwilYi — ] > A) I(w; < ) |M|_)\O+m
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where (a) uses the following result (which basically utilizes y¢(y) = —¢'(y) and integration
by parts)

A
Ey, (1Y — il | Y) T [Y; — | > —
v, (IVi = i 1Y) ( i \/E>
®)
Y 2 / (Y — i /0)26(Y2)dY; + o / (Y — /0)26(Y;)dY;
Yi—,uqz/a>g%/Z Yi—,uqz/z7<—g%/Z
-/ Y2(¥)aY; ~ 2o | Vio(vav; + st [ H(YVi)dY;
Yi—pi/o> S Yi—pi/o>Lr Yi—pi/o>
+o° / Y72(Yi)dY; — 20 / Y;0(Yo)dYi + i / ¢(Yi)dY;
Yi—pi/o<— 2~ Yi—pi/o<—r Yi—pi/o<— -
A
= o / Yid! (Yi)dY; + 20 / o (Y2)dY; + 12 {1—<I>(ui/o+>]
Yi—pi/o> 2 Yi—pi/o> -5 oVt
A
= Yo (Vo)dYi + 2pic / ¢ (V) dY; + 120 (us )0 — )
Yimpi/o<—-2- Yimpi/o<—-2 oVt
A
2 “+ 00 “+o00 2
=~ o? |Yig(V; - Y)dY:| + 2ui06(Y; b2 |1 @(ufo + =
o OO [ SN 2o, 4 1 Bl )
2 Wi wifo—20 2 A
— ot Yo |1 - [ H(G)AY: |+ 2i00(Yi) | 1777 42 1= @(uifo — =)
Yi<pifo- 2 oVt

0 ()i 2 (oo e 2)

A A
+ (1 +pf) (1 - (Ni/0+ a\/i) + @i/ — U\/f)>
where (b) use change of variable Y; < Y;/o. Equality (d) and (c) in (7) uses Mills ratio
(%;()m) — Lasz — 00).
For the second term in (6),

1 1
Uy = 2Ey,E,,, o, [(1Y; — wil® + ) | Y] I(y/wi|Yi — ] = A)(w; < 1)1 (’Hi\ > —+ —)
A VAo

1 1
< 2Eyv.E, W, [(1Y: — ] + | ] Y]I( ¢>—+—>
< 2By By [(Y; = 4 ) VI (il > -+
)

Ao

1
< 2By By 297+ 36) | VIE (Jl > 1+

11
= 2E,,,(20% + 3u})I (|/~Lz'| >+ —)

Ao Vo
40%P(| |>1+ 1)+6IE 2]1(| |>1+ 1)
=40 il =T A i il > T A
R VY TR L UL D VEV/

© Jo2e 1=V +6

(1+1>2+2(2+1)—1—m< A¢(A 1+1)
oVl Ao\ Vi Vit \ovt oho oV

where (e) follows from integration by parts.




For the third term in (6), utilizing condition (iii), we have P (w; > t) < Cj %(b (%)
thus
Us =2By, By, [(1Y: — il® + ) | YIL(Vw0lYi = ps] > A)I(w; > 1)

12 A
<OEy.E,,, 0, [(21Yi) + 3lp?) | YIL(w; > ) = <4a + A2> Ey,I(w; > t) < Coo—0o <—)

So from (6), the risk for inactive coordinates will be bounded

0 B(8 1, 1,680
A A 1 1
< (6+Cy)o ( + )

Vi \ovt oh oV

and the risk for all coordinates satisfies

Vi o \ovt o)X oV
2
N A ,1<A,7+ ) AU ,1(&)2
= qC1A% + Oy(n — q)o—=e “\7VF 70 oVRo) < gO1A? + c L(n—q)—=e 2\ovi
Vit Vit
AU 1 210g[1/p 0)]— ntv

2 il N2 -3 . U
< 4CiA% + Cfln — )z P < g0 A% + Co(n — g)A (n>

where AY = /21log[1/p*(0)]+A; and AL = /21og[1/p*(0)] — d+ ;. From Rockova (2018)
Theorem 3.1, A < A < AU From Rockovéa (2018) Lemma 1.2 (stated in Appendix),

d<2.
Set t =0+ v, EyEuw[lB — 8°)?| Y] < ¢C3A2. Then from Markov Inequality, for any
M, — oo,

Bua [I8 =8P 1Y] oy

Ey P, . 0 M,ql Y| <E
Py, (HB B3 > Mg og(q) | ) Y Myqlog % ~ Myqlog ¢

qC3A?

where Mhglog™ 0. This means for any M,, — oo,

EyP, (Hﬁ 6H2>anlog(q>\Y) =0

A.2 Proof of Corollary 4.1

Condition (i) of theorem 41 is satisfied. With a > 2, condition (ii) also holds because
when w; ~ $Gamma(a, 1), -- ~ o x Inverse-Gamma(c, 1) and when w ~ nDir(a, - - - , @),
w; ~n %X Beta(a, (n — 1)a). "Both of them satisfy condition (ii). So we only need to check
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condition (iii). Write B(-) as the Beta function. When w ~ nDir(«, - -- , «), then for any
t> O“T“, the following equation holds

0o 1 na—a—1
¢ . (1 —w) dv;
Py, (w; > t) = P(Beta(a,na — ) > —) = L/

n B(a,na — «a)
= B(a, nloz — ) /t (i)a (- azn)m " 1d0m
- B(a,na — «) / ozri/z) an/erl]TiCi;szl dz
(a) na—o
= B(a,na — «) / e
= B(a,na — «) / et

(b) B ['(na) o
< a— 1 fdz = a—1 zd
~ B(a,na — a)(an) /at N F(na — a)(an)°T(a) /at 20w

['(na)
~ I'(na — a)(an)

(2 vaGamma(a,l)exv _ (1 — x)ia _ ea(—log(lf:p)ftx)
— eotz eatr

P(Gamma(a, 1) > at) < P(Gamma(a, 1) > at)

where (a) uses the fact (1 — 1)7*" < ¢ for any z > 0. Inequality (b) uses t > <
Inequality (c) uses Chernoff bound and we need = € (0, 1) for the above inequality to hold.
Notice that when w; ~ +Gamma(c, 1), we can directly get

Py, (w; > t) = P(Gamma(a,1) > at) < ex(~losl-o)=tz)

1 A2
Setle—?andoz—wl—logt then
L o2 t
P, (w; > t) < o~ los(—o)=ta) _ allo®)+1-1) _ - < RCos e (g) (1+7)/ (8)
n

So condition (iii) holds for any t € (0, (n + v)o?]. We can get Lemma 4.1 by applying
Theorem 4.1.

A.3 An example for Remark under 4.1

Here we want to show that for w ~ n x Dir(a, -+ ,«) where a < 2, the risk for BB-SSL
arising from (15) can be arbitrarily large.
Now w = (wy,ws, -+ ,w,) ~ nDir(a,a, -+ ,«). One important property we will use



below is that nBeta(a, na — «) 4 LGamma(a, 1) for any fixed .

Ev.Eu (B — Y2 | YII(Vwi(Yi — ) > A) = EmEm,wi[(w%/\*(@ — a))* | YII(VwilY; = ] > A)

> X’Ey, . By, — T(w; > A )
By, —(w; > ——
2 2
(@) 42 o al
- )\IE}Q,#iEviNGamm(l(a,l) Ui2 H(Uz > (YZ—— ,LLZ>2> + 0(1)

(Yz‘ - ,ui)2

2 2 2
= )\1CK EY;,uiEziNInv—Gamma(a,l)ZZ' ]I(zz < a2

) +o(1)

where (a) follows from the following derivations:

N LGamma(a, 1), so for any function f(-) which is X-continuous and bounded,

we have Ef(w;) — Ef(v;/a) where v; ~ Gamma(e,1). Since f(w;) = =z1(w; > ﬁ)
Yi—pi)? :

is X-continuous and bounded by (T, so Ef(w;) = Ef(v;/a). It means that if we let

2 o2 a2
fn(}/’mﬂz) = ]EwiwnBeta(oz,na—oz) U%Q]I(wz > (yﬁ—M)Q> and f(}/m MZ) = EviNG’amma(a,l) vTQH(U% > ﬁ)]7

: (Yi—pi)*
thena fn()/u,uz) - f()/luuz) for any )/l and M- Also notice that |fn<YZa/'LZ)| S A—/‘f

and (Y;—ff)él is integrable. So from Dominated Convergence Theorem, Ey. . f.(Yi, i) —

. 2 2 2
Ey, i f (Vs p13)s 1, By, B, s l(ws > 5253) = By, . Evincammata,n) 210 > 52555)-

Since
M 1 M
EZNInU—Gamma(a,l)ZQ]I(Z < M) = / 22 i @_l/zdz — / Zl—ae—l/zdz
0 2% 0
1 M 1 M
— 5 / e—l/zdz2—a _ 2_(6—1/zz2—a | (])\4 N / Zg_ade_l/z)
—a Jy -« )
1 1/M 2 M 1 1 1 1M 9
= (e7/™MM ‘a+/ —e V) > ——e VM2
2-a o 2° 2 —«
So
3 2 vV 202 2 (Vi — p1s)?
E)@Em,wiKﬂi - }/z) | Y]H( wz(Y; - Hi) > A) > /\loz EY,-,W]EZZNInu—Gamma(a,l)Zi ]I(Z, < T) —+ 0(1)
L onziymnz, (Yi— i) o
2,2 J— al /(Yz z) ? 7 2—a
> N« EYi,MQ — oze a (—QAQ ) +o(1)

When o < 2, if we want A{Ey, ,, Ey, -5 1(w; > ﬁ) =< A? for any 37, we need



to hold for any 3?. But if we set 37 = 2A? where ¢ = % + 1, then

2 )2 }/; - 7 2 —«
By, . e~0A%/(Yim) (( QA{;) 2
N )2 Y;‘—,ui2_a 3
> By, e 0 B B ocogyy > S a1 < )
aA2 (3At _ 1)2

Y ELb]
> Ey, € (gat-1?[ 2 a2

*3‘1#2 (% b )2 2 3 t
(b) _ an?

(At)Q 2—a —aA2—2 1 (2t—2)(2—a)
Z e (ah? [W] C="Ce WA

> 6A(2t72)(27a)a0472 > C5A25

Ca 3
PoT(Yi] 2 SAYI(ud < 1)

where (b) follows from the fact that P(|Y;| > 24?) > C; and P(|p;| < 1) > C for some

C1,Cy > 0 when n is sufficiently large. Since here C' can be arbitrarily large, the risk
(depending on the truth 5?) can be of arbitrarily large order.

A.4 Definitions and Lemmas Used In Theorem 4.2 and Theorem
4.3

We write model (1) in matrix form Y = X3 + €. We denote pen(3|6) = log[:(((i“%))]. We

write W = diag(y/wr, - -+, /w,). We denote by Q(8) = —3[|WY - WXu—-WX3|*+

pen(B]60) and B = argmaxg Q(B). Notice that BB-SSL solution 8 is 3 = B + p. The

matrix norm || ||, is defined as || X||, = supg ”ﬁ;ﬂ“ where || - ||, is the vector a-norm. Write

© = 3 — B, We use |8] and |31 equivalently to denote vector 1-norm. The proof here
uses similar ideas and techniques from Rockova and George (2018).

Definition A.1. Let 77 € (0,1]. We say that X with penalty pen(3) satisfies the 1-null
consistency (7-NC) condition if

Lo 2
arggﬁé{—ﬁ”e/n — XBI|" + pen(B)} = 0,

Lemma A.1. Under condition (5) in Theorem /.2, we have

: L, 2
tin B (g {3 e/~ XBIF + pentB]0)) 0, ) = 1
i.e., X satisfies the n-NC' condition with probability approaching 1.

Lemma A.2. Under conditions (1)-(5) in Theorem /.2, on condition that €|« < v/logn
and 1-NC' condition holds, we have

1
lim Py, ., <arg'18n€%R>§{—§||W(e — Xp)/n* — WXB|* +pen(B|0)} =0, X,e> =1

n—oo
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‘m

where n* = max {'7]—1— Cn HX” 1’-} and C,, is any sequence that satisfies C,, — 0.

Lemma A.3. Ifargmaxgerr{ —3||W (e—X p) /0" =W X B||*+pen(3|0)} = 0, where n* €
(0, 1], then BB-SSL estimate (3 lies in the cone C(n*;3) ={© € RP : (n*+1)pen(Og |0) <
(1 —n*)pen(®gc | 0)} with high probablity, where S is the active set of 5;’s

Lemma A.4. If argmaxgero{—1||W (e — Xp)/n* — WXP|* + pen(B| 0)} = 0, and
maxw; < M, then | XTW?(e — X )| < MAY*.

Definition A.2. The minimal restricted eigenvalue is defined as

‘. _Ixell ',

GERP

Definition A.3. The compatibility number ¢(C') of vectors in cone C C RP is defined as

1/2
S(C)— it (IXOlISIL

:@eC(n"; B
s el ()}

A.5 Proof of Lemma A.1

This Lemma is a direct consequence of Proposition 3 of Zhang and Zhang (2012). Notice
that in Zhang and Zhang (2012), they divide likelihood by n, but we do not divide it by
n. Our setting is equivalent to Zhang and Zhang (2012)’s by setting pen’(83) = pen(83)/n
and thus, p'(t) = p(t)/n. Notice that p’ satisfies p/'(t) > Ai(|t|)/n. From condition (5),

A/n > (1+ fo)%\/ﬁ(l + 1/2log(2p/6)) by setting § = 2/p*/*. Then from condition (5) in
Theorem 4.2 and Proposition 3 of Zhang and Zhang (2012), we know that

1 12
Ps (arggﬁx{ﬁlldﬁ — XB||* +pen(B0)} = op) <9 el/ptiern YD
cRP

and thus .
. - ~ 2 — _
tim B (g {3 e/~ XBIF+ pen(B]0)) = 0, ) = 1



A.6 Proof of Lemma A.2
On condition that ||€]|s < v/logn, we have

Var,.((€e — Xpu)"W2XB| €)= Var,, (Z(a — ' pwx! 8| e)

=E Z(wZ — 1)61'58?,8 — Z wiwzrlm?iTB

2
rw
i

%

—ZVar w;)(ex! B)? ZCOU wz,wj)el I'Be;x Tﬁ + ZwTﬁmTﬁmTE(uu ) Ew;w;

2 2

1#£] i,
2) Cy Z(Ez 5) Cy Zl[(einﬁf—l—(emTﬂ)?]+Ewiw.£ZwTﬁwTﬁ(wrw‘>
~logn p i nlogn#j 2 ¢ I3 Y - i PT; i Lj
® Ol T 2 02 T 2 2n T 9
Slognz(eiazi B)° + nlogn(n_ 1)2:(6,:13z I6) +Ewiwi/\_(2)(zi:mi B)
n2

X312 T 3)2
_logn” el X8l Lo 2 Z(a:z 6)
S@,HXﬁH2

where (a) uses assumption (2) in Theorem 4.2, the fact ab < 1(a® 4 b?) and p ~ Spike.
Inequality (b) uses the property x!x; < |lz;|| x ||z;|| = n. Inequality (c) follows from
the fact that (3, 2/ 8)* < nY_,(z] B)*. Inequality (d) follows from the fact that \g < p”

where v > 1 and ||€]| S Vlogn.
Thus, from Markov Inequality, on condition that ||€]|s < v/logn,we have

_ TYx/ 2 =~ 9
Bow (|(e — Xp) " W2XB— " XB| > t] X, ¢) < LVnulle = Xp) WXB) G| X0

2 - 12
Set t = C,|| X 8| where C,, — oo, we have
lim P (|(e— Xp)"W?XB— €' X8| > C,[| X8| | X,€) =0 (9)
n—oo
When |(e — X p)"W?2X3 — €' X 3| < C,,|| X 3|, we have
(e - Xp)TW2XB < |"X B + C,|| X8| (10)

Notice that

R
A1

X

X
X8+ 15

—_ pen(B3]0) < X8l + == (=\B8) < [ X[ < |8] = [ X[| x |8] =0



where (e) follows from pen(8|0) = —\|B[ + }_, log

we have

5 (0 .
pp;((ﬂj)) < —A1]8|. Plus this into (10),

(= Xp) WX < | X0 - €, 5 pen s 0) (11)

When 7-NC condition holds, we have
— JIXBI* +€"XB+ipen(86) < 0, VA (12)

Thus, if we choose n* = max {ﬁ + ¢, X1 %}, we have V3,

TL)\17

— TIWXB|* + (e — Xp) " W2XB+n'pen(8 0)

X8I +1¢" %81 + o - o2 pens ) (13)

(Q B n*m
- 2

(@9 g
< — ZIXCIP + "X ¢ +ipen(¢ [ 6) < 0

where (f) follows from assumption (3) in Theorem 4.2 and equation (11). Inequality (g)
follows from the definition of n* and the fact that pen(3|6) < 0 for any 3. We set { = 8
if e?XPB>0and ¢ =—-0if e X3 < 0. The last inequality directly follows from (12).

This implies that under conditions (1)-(5) in Theorem 4.2, whenever |(e—X p)"W?X 3—
e’ X8| < C,||X B holds, (13) holds. So on condition that ||€s < v/logn and 7-NC con-
dition holds, we have

Puw (|(e = Xp)"W2XB - " XB| < C,[| X8| | X, €)

P (L IWXBI + (e~ Xu) W2XB -+ 'pen(B]0) 0| X.c)

Combined with (9), we know: on condition that ||€]/o < v/logn and 7-NC condition holds,
the following holds

n—o0

lim Py, 4 (—%HVV)(,BH2 + (e — Xp)"W?X B+ n*pen(B10) <0| X, e) =1

A.7 Proof of Lemma A.3

~

Starting from basic inequality Q(3) > Q(8,), we get
IWXO|? —2(We—-WXpu) " WXO +2pen(8,|0) — 2pen(3]6) <0 (14)
From arg maxgege {—3||W (e — X p)/n* — WXB||* + pen(8| 0)} = 0,, we have

207 XTW?(e — Xp) > —n*||WXO|> + 2n*pen(© | §) (15)

10



Plug (15) into (14), using the fact that pen(- | 6) is super-additive, we get

(1 =n)[WXO||* < —2n"pen(© | 0) — 2pen(B | 0) + 2pen(© + B 0)

= —2n"pen(Os | ) — 2n"pen(Osc | 0) + (—2pen(Bg | 0) + 2pen(Os + By | 0)) + 2pen(Osc | 0)
< —2n"pen(Og | 0) — 20" pen(Ogc | ) — 2pen(Og | O) + 2pen(Oge | H)

= =2(n" + )pen(O5 [ 0) — 2(n" — 1)pen(Osc | )

Since (1 —7*)||W X 8||?> > 0, we get the desired conclusion.

A.8 Proof of Lemma A.4

The proof follows from proof of Lemma 1 in Zhang and Zhang (2012). For any ¢ and j,
since Q(B) > Q(B + t1,) where 1; is the vector where the j-th element is 1 and all the
other elements are 0, using the fact that pen(-) is super-additive and pen(8) = >_; p(5;),
we have

~ ~

R 2
HWX,)T (W(Y — Xp) - WXB) < %HWXJ-HQ + pen (B) — pen (B + 1,)

t?M t?Mn
< THXJHQ +p(t) = 5

+ Mp (t)
Thus, for any t,
XTW2(Y - Xp—-XB) <M <%nt + p(t)/t)
From the defintion of A in Equation (5), we have
IXTW? (Y — Xp— XB) oo < MA

When V' = X p+ <24, from arg maxgers {—3/|W (e = X ) /11 = W X B> +pen(B0)} =

0,, we know 3 =0 gnd thus

IXTW? (€ — X p) oo < " MA

A.9 Proof of Theorem 4.2
The proof follows from proof of Theorem 7 in Rockova and George (2018). We denote

c? =05(1+4/1- %) and Jew = )\oih log(%i—;’%), which is the inflection point.

Using the fact that pé(ﬁj) > ¢ when Bj # 0 and the basic inequality 0 > Q(8,) — Q(B),

11



we get

0> [|[WXO|?-2(We—-WXu)"WX0O + 2log (B | 0)

m(B]0)

3 N, 0B N ()
-\ — 1 1
1180 — Bl +; %8 (0) +; OgPZ(ﬁoj)]

1
ps(0)

> ||[WXOI|? -2(We-WXpu) ' WX0O +2

N 1
> [WXO|? —2(We - WXu) ' WXO +2 [—Alyﬂo — Bl +q" + (G —q)log p*(O)]
0

> [[WXO| —2[[(We - WXp) WXl x [|©[1 = 2\1[|8y — Bl + 230" +2(§ — ) log
(16)

where 0 > b = log ¢¥ > log 0.5. From Lemma A.4, we know that: if (i) arg maxgerr{—3||W (e—
Xp)/nt—WXB|?+pen(B]0)} = 0,; (i) maxw; < M, then we have:

IX"W? (e~ Wp)|l < My*A

So, from definition of ¢(n*; 8) and Equation (16), we have: if (i), (ii), plus (iii) minw; > m
and (iv) ||€]l < v/1ogn holds, then the following holds:

0> [|[WXO|? —2(Mn*A + \)|O| +2Gb" + 2(¢ — ¢) log 0
0
1
> me?||O||| X |2 — 2(Mn*A + A\)|O] + 2gb" + 2(G — q) 10gm
0

> me||®P|| X|]” — 2(Mn* A+ M) ||| 15][©]]5" + 230" + 2(G — ¢) log

pp(0)

This is equivalent to: if (i), (ii), (iii), (iv) holds, we have

1©1]o + 2gb" +2(¢ — q) log <0

MH*A+)\1 @ 1/2 2_(M7’]*A+)\1)2
1©1lo m X Pi(0) =

Vme|| X ||
So when (i), (ii), (iii), (iv) holds, we have

(mcueu < [|1X]| -

(Mn*A+ A\y)?
2mc?|| X ||?

(Mn*A 4 A\)?

2me2n

1©]]o < (G +q)

1
(@—q)log —— + b <
pg(U)

Thus, when (i)-(iv) holds, we have

A+ B 94 _ v o
I ——— EE———— )
Brw—a Ut o) St

)

qd<q

2mc? B

lty assume that %ﬂ — Clpn’)\o = CQp'Y Wlth ClCQ > 4 Then B = log(l %ﬂi_?) >

where A = M, B = log -, b = logc? € (log0.5,0), r = 4 For simplic-
n 5 (0) +
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log(C1Cy/4) + (n + v — 1)logp, so A\ < 4y/nlogp < 4\/nB/(77+7— 1) and r = % <
Mn*A A 2 Mn* | nty 22 2 _
(\/Qntc - \/lenBc) < (\/ﬁc n+y—1 t c\/m(n-l-"/—l)) =D.
Notice that

lim Pg, w (condition (iv) holds) = lim Pg (HGHOO < +/Clog n) =1
n—oo

n—oo

From Lemma A.1 and Lemma A.2, we have

lim Pae (argmax{——IIW(e X~ WXB|P + pen(B]6)} = 0, X)

n—o0

= lim EgP,, 4, (argmax{——HW(e — Xp)/n* = WXB|* +pen(B10)} =0,| X, e) =1
n—oo
So im0 Pg . (condition (i) holds) = 1. Also lim,,_,o Pg e (condition (ii) holds) = 1
and lim,,_,o Pg . (condition (iii) holds) = 1.
So from union bound, lim, . Pg .. (condition (i), (ii), (iii) and (iv) all holds) = 1
And since

2r 2
lim EgP,, 4 <q <q(1+ 1—) | Y(”)) = hm Pg“w <Q <q(1+ - ))

n—oo

We have

2r
hm]EgIP’”w( < q( 1_T)\Y(”)>:1

n—oo

A.10 Proof of Theorem 4.3

The proof follows from proof of Theorem 8 in Rockova and George (2018). First we prove

the high probability bound for ||®]|. Since log = 539"09 > —\|©] + qlog p;(0), from Q(B) >

Q(By) and Lemma A4, we know if (i) arg maxgepr{—3||W (e — Xp)/n* — WXp|* +
pen(B|0)} = 0,; (i) maxw; < M, then

™(By | 0)

0>|[WXO|?—2We—-—WXu) ' WX0 + 2log —221 2
> WXl -2 w 5310 )

> [[WXO|* = 2(My*A + A1)|©] + 2qlog p; (0)

From Theorem 4.2, ||O|]s < (1 + K)g, and using 4uv < u? + 4v?, we have

XO|V/(K+1
2078+ A)18] < 3008+ ) EENAEE T s ale
X0O|?2 5(K+1)gMn*A+ X\)?

-2 ml[ X|[2¢?

13

> lim Pg,, 4 (condition (i), (ii), (iii) and (iv) all holds) =



Plug into (17), we know (i), (ii), plus (iii) minw; > m and (iv) ||€]|s < v/logn implies the
following;:

m|| X 0| ~ S5(K + L)g(Mn*A + Ap)?

> [|[WXO|P? - Mn*A 4+ \)[©] + 2qlog(p;
m 5(K 4+ 1)g(Mn*A + \y)?
> —||XO|? - Mn*A + \)|O] + 2qlog pj (0

Thus, whenever (i)-(iv) holds,

m » K +1)q(CsMn*/nlo

5\|X@H2+(Mn A+X)B| < 5( )4 (Tsmg gp)” +2¢C,log p
02M2 *\2

Pt (n")

o’ q(1+4+ K)logp

Thus, whenever (i)-(iv) holds,

057’]*
~Vmé

q(1+ K)logp

It follows from definition of ¢ that

: Csn”* log p . L
< > - =
nh—glo P ju,8, (H(—)H S Jmoc q(1+ K) = Jiraloﬂ”(condltlon (i)-(iv) holds)

Notice that the difference between ,B and B only depends on p and satisfies

~ ES?_ (Bi—6) 1<, 1 2. 13p
— 32 (n)) « J=1 J :_§ o4 Sy Z2F

Set u = % (1+ K)logp then li—g — 0 when n,p — oo, thus, from the tower law
0
and triangle inequality,

S Gsn logp

< Eg, w(m AP > ffaf q<1+K>1°ng<">>+an w<||@|>fj§fc q<1+K>10ng<">

~ Eg, uPu (m BIF > e q<1+K>1°ng<",u>+Eﬁou <||®||>2Cj%*f‘bi o1+ K) 5 |y ), )
EBOMH(HBBH%Sjgﬁ 1+ K)EL |y ), >+an <|®||>f\jgfc q<1+K>1°gp|Y”>)

< o3 +Bon <||®| > a1+ K2R |y ”>>

14



where the right hand side

13p Csn*M logp
)\2+Pﬂoﬂ'w <||®||>2\/—¢ (1+K) |Y O

Thus, we have

. Csn*M logp (n)
lim EgP,, > 1+ K Y™ | =0
lim Eg MOW Boll > e yatt + K)= =

A.11 Proof of Corollary 4.1

We notice that if w; ~ LGamma(a, 1), we have Bw; = 1, Var(w;) = + < bgn, Cov(w;, wj) =
0. So we only need to prove the two high probability bounds on order statistics for w;. Let

a = 2(n + ) log p, from union bound,

_ 1 1 oo (afe)!
P P < = <nP P < =)= ]P)UN amma(a < = afe 0
(min w 6) < nP(w e) nP,.c (a,1)(V aje) =ne ;a f
ne=/* Z e S Iy il Sy )
V2miitl/2e—i V2m =it T /2r o) l
—a/e oo —a/e —a/e
e a e Q e a+1
<n — ) +1]=n o +1)+1] < Cyn 1
Va2 ) U = T e ) < Can G (o
2(n+v)

< Ci(logp)np e

So lim,, oo P(min w; < %) = 0. From the proof of 4.1 and union bound,

P(maxwl' > t) = nea(l‘)g(t)"!‘l—t)-'rl S CTL (p)iMT’Y

Set t = 2(n+ ) > 3, then lim, o P(maxw; > t) = 0.

If w; ~ nDz'r( -+, a), we have Ew; = 1, Var(w;) = n2[l/"7£;—111/n)] logn’ Cov(w;, wj) =

—nz[ié’fl] < nlogn And using the fact that nw; 4, éGamma(a, 1), we can prove

. 1 ~ _2(n+)

P(minw; < =) < Ci(logp)np™ e
e

and

P(maxw; > t) < Cn(p)” +
Thus, condition (1)-(4) hold for both w ~ nDir(c,--- , @) and w; ~ *Gamma(c, 1) where
az 02 log p.
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A.12 Derivation of observations in section 3.1

In this section we prove some statements in section 3.1.

A.12.1 Notation

Define
Cé_) _ (1 . 9)/\(]6*%)\0%\%/%7 C((]+) — (1 . Q)AoeyMoJr)\%/Qn_

Next, define

687 (x) = (w; yi — Ao/, 1/m), ¢ (x) = (w; yi + Ao/, 1/n),

where ¢(z; pu,02) is the Gaussian density with mean p and variance o?. The quantities

i gbg_)(x), gbgﬂ(x) are defined in a similar way in 3.1. A; is defined as in (5).
Define e, = 0.5 (1+y/T—4/0g = M)?) and b, = 1/( — M)log [152202- ] Also
p*(z) and \*(x) are as defined in (6).

Consider Gaussian sequence model (8) If multiplying both sides of (8) by 1/n, we get
the linear model with noise variance equal to 1 and || X || = v/n. So here we have AF <
A; = infisg[nt/2 —p(t]0)/t] = A < AY where AL = /2nlog1/p*(0) —d + A; and

U'=/2nlog1/p*(0) + A1, d = —[A*(d., ) — M1|* — 2nlog p*(d., ). Throughout this section

we assume that the parameter \g, \; satisfies: (1 —6)/0 < n? \g < n? where a,d > 2 and
1/y/n < A1 < ¢, ¢ is a constant.

A.12.2 Active Coordinates

Proposition 1. For the true posterior defined in (9), for active coordiantes, conditioning
on the event that |y;| > |5;|/2 > 0, we have wy — 0,wy — 1.

Proof. Without loss of generality, we assume y; > 3;/2 > 0.
T(yilv=Dr(y=1)
7r<yz ‘ Vi = 1) (% = 1) + ﬂ—(yz ’ Yi = O)W(%’ = 0)
- S5, (il B)m(Bi] i = V(v = 1)dp;
B fgi m(yi | Bi)w(Bi | v = V)7w(vi = 1)dB; + fﬁ (i | Bi)m(Bi | vi = 0)m (s = 0)d;
Iy c1 Dol (B)ds + [ 61+)¢>(+)(5i)d5¢

I D60 + [0 (B0 + [0 P (B0 + [0 PSP (8)ds,
(18)

wy =7(y=1|y) =

We consider the four terms in denominator separately. It is helpful to divide each of them
by 6)\;. For the first term in denominator:

C§_)¢§_)(6i)dﬁi _ o ViMiHA/2n <1 _® (_\/ﬁ(yz _ %))) —y UM (19)

1 o
O\

16



For the second term in denominator, from Mills ratio, we have:

1 Ly 1 A
o ), C(() )d)(() )<5i)d5i = 6_)\16(() )(I)(—\/ﬁ(yi — go))
< O(l — «9)>\0 e—yiko-i-)\%/?nqb (\/ﬁ(yz - %) s (1 - 9))\0 1 e_gyf
= 0\ Vily; — 22) Vi(y: — 22)0 V2
where %T 3% — 0. Thus,
1 Ly
o | e @s o0 (20)
o o
For the third term in denominator:
1 , . A
o | P = et (i ) o @)

For the fourth term in denominator:

1 ° (+)¢(+)<5'>d5'_ 1 /0 (1_9))\ n *%(,Bi*yi)2+ﬁi)\0d/8.
o, )0 P0 WPIER = 0\ 27° i

—00

1 0 n n,?2 1 n n,2
< 1 —0)\gy/ =—e 2vithidogg = 1—0)y/-—e 2%
<o ) 1=0) 0\ 3¢ ° Bi= g =05

where ﬁ(l —0), /%e—%y? — 0. Thus,

1 0

— (+
o ¢ (Bl)dﬁl -0 (22)

From (19), (20), (21) and (22), we know that wy — e,zlh =1. Thus, w; =1—wy — 0. O

Proposition 2. For the true posterior (9), m (vVn(Bi — vi) | vi,vi = 1) = o(v/n(Bi—v;);0,1).
Proof. Set u; = \/n(B; — y;), we have

1 T(u; > —/ny:)dd ol (uz/\/_+yz)+ﬂ(uz< \/_yz)cl o7 (wi/v/n + i)

W(Uz"yi,%‘: 1) =

vn JoS a7 (Bdp: + [0, A6 (8:)dp:
(23)
Notice that both
1 1
ﬁgzsg Yus/v/n+ i) — ¢ui;0,1)  and NG T (wi /v + yi) = d(ui;0,1)
For any w;, only one of I(u; < —+y/ny;) and I(u; > —/ny;) holds, and the denominator in
(23) does not depend on wu;, so m (u; | yi, 7 = 1) — ¢(u;50,1). O]
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Proposition 3. For fited WBB estimate ﬁ“ conditioning on the event that |y;| > ‘B LS 0,
when B; # 0, n (B — ui) | yi — —w—i)\l

Proof. The objective function for each fixed WBB sample is

B; = arg max {_%(yi — Bi)? +logm(B; | 9)} = argmax {_—(W i = Vwin;)® + log (5| 9)}

Bi€
Thus 3; satisfies (12). Without loss of generality, we assume y; > % > 0. When j3; # 0,

(0 (B = 9) 1 ¥i = o) = =2 — =0~ M)A~ ' (B)

i Wy
1 1 (1;;0\3’\0 ()\0 — ) =1 Bi| (Ao—A1) 1
= ——>\1 - — X — ——)\1
w; w14 L0 >oe | Bil (o—X1) ;

]

Proposition 4. For fized WBB estimate 51; conditioning on the event that |y;| > Bl 0,
Py, (B; = 0 y:) — 0.

Proof. From Markov Inequality,

)2
Py, (B\z =0|y) < ]P’((Bz —y:)* > y}) < E(@y—2yl)
A -\ A
- % {IE [y?l (I\/Eyil < 5)} +EI (ﬁi)) I <|\/E’.%'| > g)”
2
< P(w; < n%;) %E (C+()\1 —n);;) +)\0) I (\/U, > nAyl>]
2 A

EL 14 1
< gyt 5 E—
A2 yz n w;

(24)
where the third row of (24) follows from Rockova (2018): |,/nwz-3i| > 0c,, D (w/nw,-:) >
iy N (yrwiB) < e (A1 — Ao) 4+ Ao when |/w;y;| > £ and thus

~ ~ A
N(B;) = V/nw N (yVnw; B;) < v/nw;(ci (A — No) + o) when | Jwy; | > —

and the fourth row of (24) follows directly from the definition of ¢, , A and the conditions
on A\, A1 as described at the beginning of this section. The right hand size of (24) satisfies

EL 141
%+ —E— 0
at yin w;
Thus P,, ( = 0]y;) — 0 holds. O
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A.12.3 Inactive coordinates

Proposition 5. For wy and wy in (9), when conditioning on y; < \/Lﬁ, we have w; — 0
and wy — 1.

Proof. The expression of w; is in (18). Again we consider the four terms in denominator
separately. And we also divide each of them by #\;. For the first term:

L[, L " A
9—)\1/0 A7 (B)dB; = eTuh A2 (1 - <—\/ﬁ(% - ﬁ))) —1- 0 (—vny)
(25)
For the second term in denominator, for any fixed € > 0,
1 & 1 & n n 2
= VB = 1 — Oy | — e 2 Bimyi)*=Bido g .
0)\1/0 ¢ (6)5 9/\1/ ( )O 27'('6 ’ 5
1 €Yi n n(g
> 1—0)A o2 —Pido B,
=0\ (1-6) 0\ 25¢ P
1 N _n=n? o
1—6 e 3 Y (] — e Wit
9/\1( ) 27Te ’ ( © )
where e~%i% — (. Since the right hand size term
1 ne=1)2 o
0—/\1(1 —0) %e’%yi (1—e %) =00
we know
[ R C IS
oM ; co By (Bi)dBi — o0 (26)

For the third term in denominator,

1 +)¢§+)(5i>d5i _ eyi)\1+/\%/2n¢ (_\/ﬁ(yZ + %)) — P (—\/ﬁyz) (27>

0\

For the fourth term in denominator, for any fixed ¢ > 0,

L /0 C(Hqﬁ (ﬁ )dﬁ 1 /0 (1 — (9))\ 26*%(5i*yi)2+ﬁ¢)\odﬁ,
0>\1 —0o0 0 ’ b 9)\1 0 2 7
1 0 n n(1+c)
> — 1 — 9 )\ Yi +Bz)\0d
- 9)\1 —eyi( ) 0 \/ 27'(' 5

— e %yf (1 _ eféyi)\o)

where e~%i% — (. Since the right hand side term

1 n

n 62
o —(1-0) 2—6’%“%2 (1 — e’eyi’\o) — 00
1 m

19



we know

1 0
— / P (8)dB; — oo (28)

0N ) o
Combining (25), (26), (27) and (28), we know that in (18), denominator — oo and
numerator — 1. Thus w; — 0 and wy =1 — w; — 1. O

Proposition 6. When n is sufficiently large, conditioning on |y;| < O (ﬁ)) we have
T (Mo | Yssyi = 0) — Le~Pofil,

Proof. Notice that
7 (Bi| i, vi = 0) o< (i | Bi,vi =0) 7w (Bi| 75 = 0) o o~ 5 (Bi=vi)® o=1Bilxo
Thus, let 5] = A\of;, since \g — oo, for any fixed /3], we have
7 (B! i, 7i = 0) o e 2B Po=u)* o= IB 5 =5 W% =15

which implies that

7 (8] gy i = 0) — ¢
From Scheffé (1947), we know that ! converges in total variation to e~ 1Al n
Proposition 7. For fived WBB estimate 3, conditioning on ly:| < O (\/Lﬁ), if At > 0 s.t.
Ee'vi < C, Vi, we have Py, (B = 0] y;) — 1.

Proof. The definition of the fixed WBB sample is in 3; (12). From Chernoff bound,

IP’ - A | < Eetwi < C B C B C
wi \ VWi nly| Yi | = etA2/(n2y?) = tA3/(n2y?)  ot(2log1/p*(0)—d/n)/(ny?)  j2(n+7)t/(ny?)
where —nmﬂi/(ny?) — 0. Thus, Py, (8; =0 y;) — 1. O

Remark A.1. Random WBB is equivalent to fired WBB by setting weights to be w/w,
where wy, s the weight put on prior term. Thus, using exactly the same_arguments as fized
WBB, we can prove: if 3t > 0 s.t. Ey, """ < C, Vi, we have Py, (Br*"4™ = 0| y;) — 1.

B Details of Connection to NPL in Section 4.2

We define the loss function [(-) as

a5 8) =~ — @l B)*+ - 1ogl | [ (551 0)d(0) (29)
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Motivation for the Prior For paired data (x;,y;), Fong et al. (2019) uses independent
prior which assumes that y; does not depend on x;:

Prior 1: T ~ F,(x Zé (), Ur|xp ~ N(0,07)

However, this choice of F; might be problematlc when the sample size n is small. When
n is small, a well-specified prior can help us better estimate 8 but this independent prior
shrinks all coeffcients towards zero and will result in bias @ee Figure 1).

One possible solution is to use y = :BT,B + ¢ where 3 is the MAP of 3 under SSL
penalty. This choice of fr(y|x) has some flavor of Empirical Bayes (Martin and Walker
(2014)). However, it includes information only about the posterior mode, but ignores all the
other information like posterior variance. We can consider adding back that information
through some additive noise g on 8. We want p to be centered at origin and not too far
away from origin. One choice that comes to mind is the Spike. So the prior F}. becomes

Ty, ~ F(x 25% U | @ = (B+ p) + €

where p ~ Spike and € ~ N(0,0%). If B is close enough to truth, we have féfg ~ Efﬁo.
Since y; = = B, + ¢; and ¢; A €, we can set U | Zx = y; + =] p where i satisfies T, = x;.
Then the above prior becomes

Prior 2: ¢, ~ F 25 x;), Ur|xr=Y;+x] u where i satisfies T, = x;

Derivation for Equation (18) If choosing m = n in Algorithm 3, the NPL posterior of
Fong et al. (2019) using Prior 2 becomes

/ét_ar gé%}g{——zluz f :Bﬁ ——ZwZY—}-wu :I:ﬁ log/Hﬂﬁﬂ@dﬂ ]}
1
= argmax {—5 > " (wi + ;) (Y; + w.qi wiwiTN —z;8)" + - log[/HH (B | H)dﬁ(g)]}

i=1 v

n

~ arg s {—% S+ )+ el ja— ol B+ logl | T+ e)dww)]}

=1

: cTn -
—c/(c+ )”argmax{——Zw —:BTﬁ +10g/H7T63+ M]w)dﬂ )]} c—i—nu

BeRP
where w} = n(w; + w;). Since p and —p follows the same distribution, define pu* = —p,
then
D c
=argmax { —— wi(Y; —x; B)° + log| / 7( 0)dm — ¥
B gﬁem{ Z 7B)* + log H 516) ()]} L

21



Setting p=1000,p)=06|p=1000p=09]p=2000,p=06] p=2000,p=09 ] p=5000,p=06 | p=5000,p=0.9
SSVS1 33.77+0.34 33.6720.19 194.45+0.38 193.95+0.18 2526.67+0.72 2526.87+1.16
SSVS2 2.5040.04 2.50+0.03 4.99+0.06 4.98+0.04 12.7740.09 12.76:£0.10
Skinny Gibbs 6.59+0.76 6.57+0.61 15.82+£1.37 16.02£0.98 57.17+3.01 56.50+2.45
BB-SSL (single \) 0.3620.04 0.37£0.04 0.67£0.07 0.77£0.10 1.79+0.32 1.80£0.31
BB-SSL (sequence of Ay’s) | 20.67+0.26 21.2240.37 47.69%0.60 49.74+0.37 171.49£2.72 173.36£3.61

(a) Fixed n = 100 and increasing p.

Setting n =100 n = 500 n = 1000 n = 2000 n = 5000
SSVS 0.4740.03 0.50 £0.01 | 0.66 £0.01 1.19+0.09 | 2.11 4+ 0.02
Bhattacharya 0.39 +0.02 1.37+£0.01 5.18+£0.04 |37.47+1.96 | 388.491 £+ 4.59
Skinny Gibbs 0.90 +0.04 1.05 £0.14 1.22+£0.11 1.99+0.44 |232£0.10
‘WLB 0.20 & 0.002 1.06 £0.01 | 3.31+0.004 | 16.22+0.86 | 92.00 £0.18
BB-SSL (single \o) 0.07 £ 0.005 | 0.17 £ 0.02 | 0.29 £ 0.03 | 0.70 = 0.19 | 2.81 +0.93
BB-SSL (sequence of \y’s) | 1.61 +0.03 534+0.21 |6.73+0.33 |872+041 15.67 +£0.78

(b) Fixed p = 100, p = 0.6 and increasing n.
Table 1: Running time (in seconds, based on average of 10 independent runs) of each algorithm
(per 100 iterations). The number after '+’ is the standard deviation of 10 independent runs. BB-
SSL are either fitted using a sequence of \g’s: an equal difference series of length [Ag] starting at
A1 = 0.05 and ends at A\g = 200, or a single Ay = 200. SSVS1 is using Woodbury matrix identity
to calculate matrix inverse. Signals are (1,2, —2,3). Predictors are grouped into blocks of size 10
where each block contains at most one signal.

where (wq.p,, Wy.,) ~ Dir(1,--- ,1,¢/n,¢/n, -+, ¢/n) and thus (wi,ws, -, wk) ~ nDir(1+
c/n,---,1+c/n).

C Additional Results on Computational Considera-
tions

Table 1 contains comparisons of the running times of different algorithms for varying p and
n. Below are details for the computational complexity analysis as shown in Table 1 of the
main text.

BB-SSL, WBB1, WBB2 BB-SSL uses R package SSLASSO (Rockova and Moran
(2017)) to implement the coordinate-descent algorithm in Rockovd and George (2018).
It iteratively updates B until it converges. In each iteration we update first the active
coordinates, then the candidate coordinates, and finally the inactive coordinates. The total
number of iterations is limited to a pre-defined number. There are two ways to update
each coordinate, one way is to keep track of a residual vector and for each coordinate
we compute the inner product between the residual vector and X, — this takes O(n);
another way is to pre-compute the Gram matrix and for each coordinate, we calculate
the inner product between XTXj and B — this takes O(p). For both ways, we update
0 every c iterations where each update is O(p). So for a single value of A\g, SSLASSO

is O (min (maxiter X p(n + %), (n + maxiter) x p? ) ]. For a sequence of \g’s, complexity

is O (L X min (maxiter x p(n+ Z), (n+ maxiter) x p2>> where L is the length of Ag’s.
Usually if the biggest \g is large enough, we would expect that the larger A\¢’s can reach
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convergence quickly using the estimated S from previous Ag’s, so usually it takes less than
O (L X min (maxiter x p(n+ 2), (n + maxiter) x p2>>.

Empirically, when \q is small and does not provide enough shrinkage, SSL takes more
iterations to converge. When choosing Ay, we suggest plotting the regularization path from
SSL and choose a large enough )\g after which further increasing A\g does not affect the
chosen model. This is also reasonable from the goal of variable selection. When Jj is
extremely small, a single value fitted SSL might have difficulty converging so we have to
use a sequence of A\g’s to burn-in. It usually takes much longer time than a single value
fitted SSL. Note that the computational complexity of other methods - SSVS1, SSVS2 and
Skinny Gibb - does not depend on \g.

SSVS1 The computation complexity for Algorithm 1 is O(p?®) per iteration when p > n.
Under this setting, we use Woodbury matrix identity to simplify the matrix multiplication
(XX +DYY'=D,-D.X"(I,+XD,X")"'XD,, whose complexity is O(p?n).

SSVS2 Using Bhattacharya et al. (2016)’s matrix inversion formula to generate the p-
dimensional multivatiate Gaussian takes O(n?p).

Skinny Gibbs We modified Skinny Gibbs to sample from the posterior using SSL prior.
Theoretically it is of complexity O(np). However, sometimes when n is relatively small,
we observe that the running time of Skinny Gibbs is slower than Bhattacharya’s method.
This is because Skinny Gibbs involves an O(n) matrix product for each coordinate and the
update for each coordinate is implemented via for-loop, whereas in Bhattacharya’s method
the O(n?p) operation is one matrix product which is very efficiently optimized in R. We
will see that as n increases, this problem diminishes and Skinny Gibbs becomes faster than
Bhattacharya’s method.

WLB Generating each WLB sample involves solving a least square problem whose com-
plexity is O(p?n) when p < n. WLB is not applicable when p > n.

D Additional Experimental Results

D.1 Low Dimensional, Uncorrelated Setting

We first investigate the marginal density of Y, as shown in figure 2. We find that all
methods perform well for active 8;’s. WBB1 and WBB2 are doing poorly for inactive ;’s.
For the marginal mean of ~;’s, as shown in figure 3, all methods perform pretty well. All
methods can detect over 95% of models.
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Figure 3: Mean of v;,i = 1,2, ,12 in low-dimensional, independent case. n = 50,p = 12, Bactive = (1.3,1.3,1.3,1.3)
and predictors mutually independent. Each method is (thinned to) 1,000 sample points. Ag = 13, A1 = 0.05. SSLASSO is
fitted using a single Ag.

Metric Skinny Gibbs | WBB1 | WBB2 | BB-SSL

KL divergence active 3.02 3.66 1.80 0.67
36 8 inactive | 0.04 3.09 3.09 0.01
P MSE active 0.62 1.15 0.44 0.20

inactive | 0.009 0.004 | 0.005 0.007

s MSE active 2.36 0.25 0.12 0.10
e inactive | 0.006 0.001 | 0.001 | 0.001
Selected Model | Hamming distance | all 5 3 2 3

Table 2: Evaluation of posterior distribution in n = 100, p = 1000, p = 0.99 setting.

D.2 High Dimensional, p =0 and p =0.9

Figure 4 shows the posterior for 5;’s when p = 0 and Figure 5 is for p = 0.9. Skinny
Gibbs has some problems with estimating the variance. WBB1 and WBB2 does poorly for
inactive coordinates. In general BB-SSL does pretty well.

D.3 High Dimensional, p = 0.99

Here we have n = 100,p = 1000,p = 0.99. All the other settings are exactly the same
as that for high dimensional designs in Section 5, except that here SSVSI1 also falls into
local trap for chains as long as 1000 000. So we manually run two SSVS chains, with one
initialized at origin and the other at the true B and combine them as the truth posterior.
Figure 6 and 7 show that no method performs perfect in this extreme setting. BB-SSL is
good at detecting multi-modality but sometimes overshoot (for 5y and [is it has a false
mode at the correlated truth). Skinny Gibbs also falls into local trap as SSVS and has some
problems with the variance. WBB1 and WBB2 does not work for inactive coordinates.

D.4 Influence of @« On The Posterior

In this section we investigate the influence of o on BB-SSL posterior under (1) high-
dimensional, moderately correlated (p = 0.6) setting, as shown in Figure 8, and (2) Durable
Goods Marketing Data Set, as shown in Figure 9.

In both datasets, as we increase «, the change in posterior variance reduces for each
unit increase in .
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Figure 7: Mean of Yi,t = 1,2,---,1000 in high-dimensional, correlated case. n = 100,p = 1000, Boctive =
(1,2,-2,3), A0 = 50,A\1 = 0.05 and predictors are grouped into blocks of size 10 with p = 0.99. SSL is fitted using a
sequence of A\g’s.
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Figure 8: Comparison of posterior density for active (;’s when choosing different « in high-
dimensional, moderately correlated setting (p = 0.6).
difference sequence of length 10 starting at 0.05 and ending at 50. We set A\; = 0.05. Since WBB1
and WBB2 produce a point mass and do not fit into the y-axis, we exclude it in the density plot.

31

SSL is fitted with A9 being an equal



BB-SSL,alpha=1

BB-SSL,alpha=5

BB-SSL,alpha=10

BB-SSL,alpha=20

BB-SSL,alpha=40

SSVs

< s s s s °

@ g a a a a a

s ] s s s s 3

e © © © ° °

s ] S S 5 S s

] o me o WMW o | it ] o | o

S 4 S S S S S

° T T T T T T ° T T T T T T ° T T T T T T e T T T T T T ° T T T T T T ° T T T T T T
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 SsVs

0 0 0 0 0 0

S+ S S S S S

3 s s s s 3

S | S S S | S | S |

S T S T S T S T S T S T
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 SSvs

§ 8 8 5 5 g

S s s s s s

e e 2 2 2 2

= S S S S s

e s s WWM | ———— | i —————

S+ S S S S S

3 3 s s s 3
T T T T T T T T T T T T T T T T T T T T T
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000

o BB-SSL,alpha=1 o BB-SSL,alpha=5 - BB-SSL,alpha=10 - BB-SSL,alpha=20 - BB-SSL,alpha=40 o SsVs

s 7 3 3 s s s

8 9 9 9 0 0

S+ S S S S S

=3 ] =3 =3 =3 [7:3 =3

8 | 8 8 8 | 8 | 8

S T T T S T S T S T S T S T
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 SSsvs

© ] © © © 3 ©

g 8 8 8 8 g

3 3 3 s s S

o 1 o a o o o

g g g g g g

S 3 3 s s S

o o o o o o

S S | S | S | S | S

S T T T S T S T S T S T 9 T
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 Ssvs

§ 8 8 5 15 g

S s s s s S

= e e e e e

s 7 S S S S S

g 8 8 8 8 g

S 3 3 s s S
T T T T T T T T T T T T T T T T T T T T T
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 SSsvs

8 g g g 8 8 -

] 2 2 2 2 2

S 5 5 s s S

7 i i 7 7 7

< 3 s s s °

e 2 a 2 ] a ] a ]

S T T S T S T S T L e e L e e e
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 Ssvs

2 ] 2 Ed 2 2 2

= s s 5 5 s

S+ S S S S S

3 s s s s 3

v | 0 fr=3 =3 =3 0

g | 8 8 8 | 8 | 8

S T T T S T S T S T S T S T
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 SSVs

= S S 8 8 8

S s s s s s

7 i i 7 7 7

2 2 2 2 2 2

S T T T S T S T S T S T S T T T T
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 Ssvs

< = = = = =

g | l 3 3 3 g g

3 3 3 3 s s

=] 1 o o o o o

g 8 8 8 8 g

3 3 3 3 s S

<] = = b b4 =4

S 3 3 3 S S

S 3 3 s s S

' T T T T T T ' T T T T T T ' T T T T T T ' T T T T T T ' T T T T T T ' T T T T T T
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 SSVs

S S S S S 3

o WM“ o | indaa o Mk " o | ek o lum Tk o luw e

S 3 g s s s s

o o o o o o

S T T T T S e e e e S T D e s e
0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0 200 600 1000 0200 600 1000
BB-SSL,alpha=1 BB-SSL,alpha=5 BB-SSL,alpha=10 BB-SSL,alpha=20 BB-SSL,alpha=40 SSsvs

8 8 8 8 8 8

< < < < < <

2 2 2 2 2 2

S S T T S S T S T S T

T T T
0 200 600 1000

0 200 600 1000

T T T T T
0 200 600 1000

0 200 600 1000

0 200 600 1000

0 200 600 1000
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