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This work affords new insights into Bayesian CART in the context of
structured wavelet shrinkage. The main thrust is to develop a formal infer-
ential framework for Bayesian tree-based regression. We reframe Bayesian
CART as a g-type prior which departs from the typical wavelet product pri-
ors by harnessing correlation induced by the tree topology. The practically
used Bayesian CART priors are shown to attain adaptive near rate-minimax
posterior concentration in the supremum norm in regression models. For the
fundamental goal of uncertainty quantification, we construct adaptive con-
fidence bands for the regression function with uniform coverage under self-
similarity. In addition, we show that tree-posteriors enable optimal inference
in the form of efficient confidence sets for smooth functionals of the regres-
sion function.

1. Introduction. The widespread popularity of Bayesian tree-based regression has
raised considerable interest in theoretical understanding of their empirical success. However,
theoretical literature on methods such as Bayesian CART and BART is still in its infancy. In
particular, statistical inferential theory for regression trees and forests (both frequentist and
Bayesian) has been severely under-developed.

This work sheds light on Bayesian CART [22, 25] which is a popular learning tool based
on ideas of recursive partitioning and which forms an integral constituent of BART [21].
Bayesian Additive Regression Trees (also known as BART) have emerged as one of today’s
most effective general approaches to predictive modeling under minimal assumptions. Their
empirical success has been amply illustrated in the context of non-parametric regression [21],
classification [49], variable selection [8, 48, 46], shape constrained inference [20], causal in-
ference [41, 40], to name a few. The BART model deploys an additive aggregate of individual
trees using Bayesian CART as its building block. While theory for random forests, the fre-
quentist counterpart, has seen numerous recent developments [64, 6, 56, 44, 63], theory for
Bayesian CART and BART has not kept pace with its application. With the first theoretical
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results (Hellinger convergence rates) emerging very recently [55, 47, 54], many fundamental
questions pertaining to, e.g., convergence in stronger losses such as the supremum norm, as
well as uncertainty quantification (UQ), have remained to be addressed. This work takes a
leap forward in this important direction by developing a formal frequentist statistical frame-
work for uncertainty quantification with confidence bands for Bayesian CART.

We first show that Bayesian CART reaches a (near-)optimal posterior convergence rate
under the supremum-norm loss, a natural loss for UQ of regression functions. Many methods
that are adaptive for the L?—loss actually fail to be adaptive in an L>°—sense, as we illustrate
below. We are actually not aware of any sharp supremum-norm convergence rate result for
related machine learning methods in the literature, including CART, random forests and deep
learning. Regarding inference, we provide a construction of an adaptive credible band for
the unknown regression function with (nearly, up a to logarithmic term) optimal uniform
coverage under self-similarity. In addition, we provide efficient confidence sets and bands for
a family of smooth functionals. Uncertainty quantification for related random forests or deep
learning has been an open problem, with distributional results available only for point-wise
prediction using bootstrap techniques [44]. Our results make a needed contribution to the
literature on the widely sought-after UQ for (tree-based) machine learning methods.

Regarding supremum-norm (and its associated discrete ¢, version) posterior contraction
rates, their derivation is typically more delicate compared to the more familiar testing dis-
tances (e.g. L? or Hellinger) for which general theory has been available since the seminal
work [34]. Despite the lack of unifying theory, however, advances have been made in the last
few years [36, 14, 43] including specific models [58, 70, 51, 52]. However, Bayesian adap-
tation for the supremum loss has been obtained, to the best of our knowledge, only through
spike-and-slab priors (the work [69] uses Gaussian process priors, but adaptation is obtained
via Lepski’s method). In particular, [43] show that spike-and-slab priors on wavelet coeffi-
cients yield the exact adaptive minimax rate in the white noise model and [67] considers the
anisotropic case in a regression framework. For density estimation, [15, 16] derive optimal
|| - ||co—rates for Pélya tree priors, while [50] considers adaptation for log-density spike and
slab priors. In this work, we consider Gaussian white noise and non-parametric regression
with Bayesian CART which is widely used in practice.

Bayesian CART is a method of function estimation based on ideas of recursive partition-
ing of the predictor space. The work [28] highlighted the link between dyadic CART and best
ortho-basis selection using Haar wavelets in two dimensions; [32] furthered this connection
by considering unbalanced Haar wavelets of [38]. CART methods have been also studied
in the machine learning literature, see e.g. [7, 57, 65] and references therein. Unlike plain
wavelet shrinkage methods and standard spike-and-slab priors, general Bayesian CART pri-
ors have extra flexibility by allowing for (some) basis selection. First results in this direction
are derived in Section 4. This aspect is particularly useful in higher-dimensional data, where
CART methods have been regarded as an attractive alternative to other methods [29].

By taking the Bayesian point of view, we relate Bayesian CART to structured wavelet
shrinkage using libraries of weakly balanced Haar bases. Each tree provides an underlying
skeleton or a ‘sparsity structure’ which supervises the sparsity pattern (see e.g. [2]). We show
that Bayesian CART borrows strength between coefficients in the tree ancestry by giving
rise to a variant of the g-prior [71]. Similarly as independent product priors, we show that
these dependent priors also lead to adaptive supremum norm concentration rates (up to a
logarithmic factor). To illustrate that local (internal) sparsity is a key driver of adaptivity, we
show that dense trees are incapable of adaptation.

To convey the main ideas, the mathematical development will be performed through
the lense of a Gaussian white noise model. Our techniques, however, also apply in non-
parametric regression. Results in this setting are briefly presented in Section 3.5 with details
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postponed until the Supplement (Section 7.1). The white noise model is defined through the
following stochastic differential equation, for an integer n > 1,

0 dX () = fo(t)dt + \}ﬁdW(t), re0,1],

where X (t) is an observation process, W (t) is the standard Wiener process on [0, 1] and
fo is unknown and belongs to L?[0,1], set of squared—integrable functions on [0,1]. The
model (1) is observationally equivalent to a Gaussian sequence space model after projecting
the observation process onto a wavelet basis {1y, : 1 > 0,0 < k < 2! — 1} of L?[0,1]. This
sequence model writes as

Elk jid
2) Xu = By, + N ~N(0,1),
where the wavelet coefficients 39 = (fo,¢Y) = fol fo(t)i(t)dt of fy are indexed by a
scale index [ > —1 and a location index k € {0,..., (2" — 1), }. A paradigmatic example is
the standard Haar wavelet basis
3) Yor0(z) =Ty (x) and u(z) =2"p2w k) (1>0),

obtained with orthonormal dilation-translations of ¢ = I (g 1 /9] — I(1/2,1], where I 4 denotes
the indicator of a set A. Later in the text, we also consider weakly balanced Haar wavelet
relaxations (Section 4), as well as smooth wavelet bases (Section 10.2).

One of the key motivations behind the Bayesian approach is the mere fact that the posterior
is an actual distribution, whose limiting shape can be analyzed towards obtaining uncertainty
quantification and inference. Our results in this direction can be grouped in two subsets.
First, for uncertainty quantification for fj itself, we construct adaptive and honest confidence
bands under self-similarity (with coverage converging to one). Exact asymptotic coverage
is achieved through intersections with a multiscale credible band (along the lines of [53]).
Confidence bands construction for regression surfaces is a fundamental task in nonparamet-
ric regression and can indicate whether there is empirical evidence to support conjectured
features such as multi-modality or exceedance of a level. Results of this type are, to date,
unavailable for classical CART, random forests and/or deep learning. Second, we consider
inference for smooth functionals of fy, including linear ones and the primitive functional
fd fo, for which exact optimal confidence sets are derived from posterior quantiles. While
these results for functionals are stated in the main paper (Theorem 4 below), their deriva-
tion is most naturally obtained through a general limiting shape result, stated and proved in
the Supplement (Theorem 9). Such an adaptive Bernstein-von Mises theorem for Bayesian
CART is obtained following the approach of [17, 18]; it is only the second result of this kind
(providing adaptation) after the recent result of Ray [53].

The paper is structured as follows. Section 2 introduces regression tree-priors, as well as
the notion of tree-shaped sparsity and the g-prior for trees. In Section 3, we state supremum-
norm inference properties of Bayesian dyadic CART (estimation and confidence bands). Sec-
tion 4 considers flexible partitionings allowing for basis choice. A brief discussion can be
found in Section 5. The proof of our master Theorem 1 can be found in Section 6. The sup-
plementary file [19] gathers the proofs of the remaining results. The sections and equations
of this supplement are referred to with an additional symbol “S-" in the numbering.

Notation. Let C([0,1]) denote the set of continuous functions on [0, 1] and let ¢, denote
the normal density with zero mean and variance o2. Let N = {0, 1,2, ...} be the set of natural
integers and N* = N\ {0}. We denote by I the K x K identity matrix, Also, B¢ denotes
the complement of a set B. For an interval I = (a,b] C (0,1], let |I| = b — a be its diameter
and a V b = max(a,b). The notation z < y means z < Cy for C' a large enough universal
constant, and := (or =:) means “the left-hand side is defined as”.



2. Trees and Wavelets. In this section, we discuss multiscale prior assignments on func-
tions f € L2[0,1] (i.e. priors on the sequence of wavelet coefficients By, = (f,41x)) inspired
by (and including) Bayesian CART. Such methods recursively subdivide the predictor space
into cells where f can be estimated locally. The partitioning process can be captured with
a tree object (a hierarchical collection of nodes) and a set of splitting rules attached to each
node. Section 2.1 discusses priors on the tree object. The splitting rules are ultimately tied
to a chosen basis, where the traditional Haar wavelet basis yields deterministic dyadic splits
(as we explain in Section 2.1.2). Later in Section 4, we extend our framework to random
unbalanced Haar bases which allow for more flexible splits. Beyond random partitioning, an
integral component of CART methods are histogram heights assigned to each partitioning
cell. We flesh out connections between Bayesian histograms and wavelets in Section 2.2.
Finally, we discuss Bayesian CART priors over histogram heights in Section 2.3.

2.1. Priors on Trees Ily(-). First, we need to make precise our definition of a tree object
which will form a skeleton of our prior on () for each given basis {1 }. Throughout this
paper, we will largely work with the Haar basis.

DEFINITION 1 (Tree terminology). We define a binary tree T as a collection of nodes
(1,k), where l €N, k € {0,...,2! — 1}, that satisfies

Lk eT,1>1 = (I-1,[k/2))eT.

In the last display, the node (1, k) is a child of its parent node (I — 1, |k/2]). A full binary
tree consists of nodes with exactly 0 or 2 children. For a node (1, k), we refer to | as the layer
index (or also depth) and k as the position in the " layer (from left to right). The cardinality

|T| of a tree T is its total number of nodes and the depth is defined as d(T ) = ( lng)ale.
IS

Anode (I, k) € T belongs to the set T, of external nodes (also called leaves) of T if it has
no children and to the set 7;,; of internal nodes, otherwise. By definition | 7| = |Tint| + | Text |,
where, for full binary trees, we have |7| = 2|7in:| + 1. An example of a full binary tree is
depicted in Figure 1(a). In the sequel, T denotes the set of full binary trees of depth no
larger than L = Ly, = |logyn |, a typical cut-off in wavelet analysis. Indeed, trees can be
associated with certain wavelet decompositions, as will be seen in Section 2.2.2.

Before defining tree-structured priors over the entire functions f’s, we first discuss various
ways of assigning a prior distribution over T, that is over trees themselves. We focus on the
Bayesian CART prior [22], which became an integral component of many Bayesian tree
regression methods including BART [21].

2.1.1. Bayesian CART Priors. The Bayesian CART construction of [22] assigns a prior
over T via the heterogeneous Galton-Watson (GW) process. The prior description utilizes
the following top-down left-to-right exploration metaphor (see also [54]). Denote with ) a
queue of nodes waiting to be explored. Each node ([, k) is assigned a random binary indicator
ik € {0, 1} for whether or not it is split. Starting with 7 = (), one initializes the exploration
process by putting the root node (0,0) tentatively in the queue, i.e. @ = {(0,0)}. One then
repeats the following three steps until Q = 0):

(a) Pick a node (I,k) € Q with the highest priority (i.e. the smallest index 2! + k) and if
I < Lynaz, split it with probability

“4) pik =Py =1).
Ifl = Lqz, set Yir = 0.



BAYESIAN CART: RATES AND BANDS 5

(a) A full binary tree (b) Binary tree of prior cut probabilities

FIG 1. (Left) A full binary tree T = Tjpt U Tegt. Red nodes are external nodes Teqt and blue nodes are internal
nodes Tiyy. (Right) A binary tree of cut probabilities pyy, in (4).

(b) If v = 0, remove (I, k) from Q.
(¢) If vix =1, then
(i) add (I, k) to the tree, i.e. Tint < Tint U{(1,k)},
(i) remove (I, k) from @ and if | < L,,,, add its children to @, i.e.

Q— Q\{(LE)FU{(l+1,2k),(1+1,2k+1)}.

The tree skeleton is probabilistically underpinned by the cut probabilities (p;;) which are
typically assumed to decay with the depth [ as a way to penalise too complex trees. While
[22] suggest py, = /(1 4 1)7 for some « € (0,1) and ~ > 0, [54] point out that this decay
may not be fast enough and suggest instead py;, = I'™! for some 2 < " < n, which leads to a
(near) optimal empirical L?—convergence rate. We use a similar assumption in our analysis,
and also assume that the split probability depends only on [, and simply denote p; = p;.

Independently of [22], [25] proposed another variant of Bayesian CART, which first draws
the number of leaves (i.e. external nodes) K = |7.,¢| at random from a certain prior on
integers, e.g. a Poisson distribution (say, conditioned to be non-zero). Then, a tree 7 is
sampled uniformly at random from all full binary trees with K leaves. Noting that there
are Cx_1 such trees, with Cx the K—th Catalan number (see Lemma 6), this leads to
I(T) = (\E/[K!(e* — 1)]) - Cx' |. As we restrict to trees in T, i.e. with depth at most
L = L4z, we slightly update the previous prior choice by setting, for some A > 0, with
K= |’Te:):t’,

2K L
(@ —1)K!Cx_y €0

where o< means ‘proportional to’. We call the resulting prior Iy the ‘conditionally uniform
prior’ with a parameter .

6)) Hp(T) o

2.1.2. Trees and Random Partitions. Trees provide a structured framework for generat-
ing random partitions of the predictor space (here we choose (0, 1] for simplicity of exposi-
tion). In CART methodology, each node ([, k) € T is associated with a partitioning interval
Iy, € (0, 1]. Starting from the trivial partition oo = (0, 1], the simplest way to obtain a parti-
tion is by successively dividing each [j into Ij, = I;1 125 U I;412k+1. One central example
is dyadic intervals Ij; which correspond to the domain of the balanced Haar wavelets ¢/ in
(3), i.e.

(6) Ioo= (0,1, Ip= (k2" (k+1)27Y] forl>0and0<k < 2.

For any fixed depth [ € N, the intervals Uy<j,<2: ;) form a deterministic regular (equispaced)
partition of (0, 1]. Trees, however, generate more flexible partitions U )7, lix by keeping
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only those intervals [}, attached to the leaves of the tree. Since 7 is treated as random with a
prior It (as defined in Section 2.1), the resulting partition will also be random.

EXAMPLE 1. Figure 1(a) shows a full binary tree T = Tipt U Tewtr, where Ty =
{(0,0),(1,1),(2,2)} and Tex = {(1,0),(2,3),(3,4),(3,5)}, resulting in the partition of
(0,1] given by

(7) ([lk)(l,k)ETem = {(07 1/2]7 (1/27 5/8]7 (5/87 3/4]7 (3/47 1]}

The set of possible split points obtained with (6) is confined to dyadic rationals. One can
interpret the resulting partition as the result of recursive splitting where, at each level [, inter-
vals Ij;, for each internal node (I, k) € T;,; are cut in half and intervals Ij;, for each external
node (1, k) € Tey are left alone. We will refer to such a recursive splitting process as dyadic
CART. There are several ways to generalize this construction, for instance by considering
arbitrary splitting rules that iteratively dissect the intervals at values other than the midpoint.
We explore such extensions in Section 4.

2.2. Tree-shaped Priors on f. This section outlines two strategies for assigning a tree-
shaped prior distribution on f underpinned by a tree skeleton 7 € T. Each tree T = T, U
Teat can be associated with two sets of coefficients: (a) internal coefficients [y, attached to
wavelets Yy, for (1, k) € Tyt and (b) external coefficients 3y, attached to partitioning intervals
Iy, for (1, k) € Teqr (see Section 2.1.2). While wavelet priors (Section 2.2.1) assign the prior
distribution inLernally on J;, Bayesian CART priors [22, 25] (Section 2.2.2) assign the prior
externally on ;. We discuss and relate these two strategies in more detail below.

2.2.1. Tree-shaped Wavelet Priors. Traditional (linear) Haar wavelet reconstructions for
f deploy all wavelet coefficients 5z with resolutions / smaller than some d > 0. This strategy
amounts to fitting a flat tree with d layers (i.e. a tree that contains all nodes up to a level
d, see Figure 2) or, equivalently, a regular dyadic regression histogram with 27 bins. This
construction can be made more flexible by selecting coefficients prescribed by trees that are
not necessarily flat. Given a full binary tree 7 € T, one can build the following wavelet
reconstruction of f using only active wavelet coefficients that are inside a tree T

®) frp(x) =B_10¢_10( Z Butbu (x Z Bk (x

(LK) ETine (LR)ET

where B = (8-10, (Bik)o<i<L—1,0<k<2t)’ is a vector of wavelet coefficients and where mt =
Tint U{(—1,0)} is the ‘rooted’ tree with the index (—1,0) added to T;,,+. Note that |7, ,| =
|7—ext‘~

Define a tree-shaped wavelet prior on fr g as the prior induced by the hierarchical model

T ~ Iy
©) G| T~ Q) 7Bw) ® Q) o(Bu),

(LR)ET (LE)ET e

where It is a prior on trees as described in Section 2.1.1 and where the active wavelet
coefficients [y for (I,k) € T follow a distribution with a bounded and positive density
7(Byr) on R. The prior (9) is seen as a distribution on ]RQL, where all remaining coefficients,
i.e. By’s for [ > L, are set to 0.

The prior (9) contains the so-called sieve priors [18] (i.e. flat trees) as a special case,
where the sieve is with respect to the approximating spaces Vect{«;x,! < d} for some d > 0.
For nonparametric estimation of fy, it is well-known that sieve priors can achieve (nearly)
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adaptive rates in the L?—sense (see e.g. [35]). In turns out, however, that sieve priors (and
therefore flat tree priors) are too rigid to enable adaptive results for stronger losses such as
the supremum norm, as we demonstrate in Theorem 5 in Section 3.4 (Supplement). This the-
orem illustrates that supremum norm adaptation using Bayesian (or other likelihood-based)
methods is a delicate phenomenon that is not attainable by many typical priors.

By definition, the prior (9) weeds out all wavelet coefficients ;. that are not supported
by the tree skeleton (i.e. are not internal nodes in 7). This has two shrinkage implications:
global and local. First, the global level of truncation (i.e. the depth of the tree) in (9) is not
fixed but random. Second, unlike in sieve priors, only some low resolution coefficients are
active depending on whether or not the tree splits the node ([, k). These two shrinkage aspects
create hope that tree-shaped wavelet priors (9) attain adaptive supremum norm rates (up to
log factors) and enable construction of adaptive confidence bands. We see later in Section 3
that this optimism is indeed warranted.

For adaptive wavelet shrinkage, [23] propose a Gaussian mixture spike-and-slab prior on
the wavelet coefficients. The point mass spike-and-slab incarnation of this prior was studied
by [43] and [53]. Independently for each wavelet coefficient 5j; at resolutions larger than
some lo(n) (strictly increasing sequence), the prior in [53] can be written in the standard
spike-and-slab form

(10) 7Bk | vir) = e (Bix) + (1 — )90 (Bure),

where 7 € {0, 1} for whether or not the coefficient is active with P(~y;, = 11|6;) = ;. More-
over, the prior on all coefficients at resolutions no larger than /y(n) is dense, i.e. 6; = 1 for
[ <lyp(n). The value 0; can be viewed as the probability that a given wavelet coefficient (5
at resolution / will contain ‘signal’.

There are undeniable similarities between (9) and (10), in the sense that the binary inclu-
sion indicator 7 in (10) can be regarded as the node splitting indicator ~;; in (4). While
the indicators ;; in (10) are independent under the spike-and-slab prior, they are hierarchi-
cally constrained under the CART prior, where the pattern of non-zeroes encodes the tree
oligarchy. The seeming resemblance of the CART-type prior (9) to the spike-and-slab prior
(10) makes one naturally wonder whether, unlike sieve-type priors, CART posteriors attain
adaptive supremum-norm inference.

2.2.2. Bayesian CART Priors. A perhaps more transparent approach to assigning a tree-
shaped prior on f is through histograms (as opposed to wavelet reconstructions from Section
2.2.1). Each tree 7 € T generates a random partition via intervals I;;, (see Section 2.1.2) and
gives rise to the following histogram representation

(1) Fra@= > Buln, (@),
(

Lk)ETews

where B = (Bik : (I, k) € Text)' is a vector of reals interpreted as step heights and where Ij;’s
are obtained from the tree 7 as in Section 2.1.2 (and as illustrated in Example 1). We now
define the (Dyadic) Bayesian CART prior on f using the following hierarchical model on the
external coefficients rather than internal coefficients (compare with (9))

T ~ H'JT
(12) Bue) gt | T ~ ® *(Bux)

(L) ETews

where Il is as in Section 2.1, and where the height Blk at a specific (I,k) € Teyt has
a bounded and positive density 7(5;;) on R. This model coincides with the widely used



FIG 2. Flat tree with edges weighted by the amplitude of the Haar wavelets.

Bayesian CART priors using a midpoint dyadic splitting rule (as we explained in Section
2.1.2). In practice, the density 7 is often chosen as centered Gaussian with some variance
o?>01[22,25].

The histogram prior (11) can be rephrased in terms of wavelets. Indeed, the histogram rep-
resentation (11) can be rewritten in terms of the internal coefficients, i.e. J,chﬁ(x) = frp(z)

as in (8), with 3;;’s and Elk’s linked via

-1

(13) o 25—10+ZS[k/zl—j—l]2j/25j[k/21ﬂ,
=0

where s, = (—1)¥T1. The identity (13) follows the fact that for 2 € I;;, we obtain Elk =

S kyery Bk r from (11), where Py = {(j, [k/2"77]) : j = 0,...,1 — 1} are the an-

cestors of the bottom node (I, k). Note that 1| /215 | = 2j/28Lk/2l—j—1J where s = (—1)F+!

for whether x belongs to the left (positive sign) or right (negative sign) of the wavelet piece.
There is a pinball game metaphor behind (13). A ball is dropped through a series of dyadi-
cally arranged pins of which the ball can bounce off to the right (when s, = +1) or to the left
(when si, = —1). The ball ultimately lands in one of the histogram bins I;; whose coefficient
Elk is obtained by aggregating [;;’s of those pins (I, k) that the ball encountered on its way
down. The pinball aggregation process can be understood from Figure 3. The duality be-
tween the equivalent representations (11) and (8) through (13) provides various avenues for
constructing prior distributions, and enables an interesting interpretation of Bayesian CART
[22, 25] as a correlated wavelet prior, as we now see.

2.3. The g-prior for Trees. We now discuss various ways of assigning a prior distribu-
tion on the bottom node histogram heights Blk and, equivalently, the internal Haar wavelet
coefficients ;. This section also describes an interesting connection between the widely
used Bayesian CART prior [22, 25] and a g-prior [71] on wavelet coefficients. For a given
tree 7, let B+ = (B : (1, k) € T.,)" denote the vector of ordered internal node coefficients
By, including the extra root node (—1,0) (and with ascending ordering according to 2! + k).
Similarly, BT = (B : (I, k) € Text) is the vector of ordered external node coefficients Bl

The duality between 3+ and 3 is apparent from the pinball equation (13) written in matrix
form

(14) Br = ArBr,

where A7 is a square |Teyt| X |T,,;| matrix (noting |7eqt| = | 7,4 ), further referred to as the
pinball matrix. Each row of A7 encodes the ancestors of the external node, where the nonzero
entries correspond to the internal nodes in the family pedigree. The entries are rescaled, where
younger ancestors are assigned more weight. For example, the tree 7 in Figure 3(a) induces
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B11 11 0 0 B_10
Bao | _|1-1-V2 0 Boo
B2 1-1 v2 —2| | Bio
B33 1-1v2 2/ \ B

(b)

(a)

FIG 3. (a) Example of a full binary tree, edges weighted by the amplitude of the Haar wavelets. (b) Pinball matrix
of the tree in (a).

a pinball matrix A7 in Figure 3(b). The pinball matrix A7 can be easily expressed in terms
of a diagonal matrix and an orthogonal matrix as

(15) ATA’/T = DT, where DT = diag{cﬂivlk’lk}(hk)eﬁ Jlk,lk = 2l.

xt)

This results from the fact that the collection (22, (I, k) € Text) is an orthonormal system

spanning the same space as (¢, (j,k) € T;,,;), s0 Df_rl/ ® A is an orthonormal change—of—

basis matrix. We now exhibit precise connections between the theoretical wavelet prior (9)
which draws fj; ~ 7 and the practical Bayesian CART histogram prior which draws B}k ~T.

Recall that the wavelet prior (9) assumes independent wavelet coefficients, e.g. through
the standard Gaussian prior 31 ~ N (0, I 7-..|)- Starting from within the tree, this translates

into the following independent product prior on the bottom coefficients B}k through (14)
(16) B ~N(0,D7), where D7 was defined in (15),

i.e. var B}k = 2! where the variances increase with the resolution .

The Bayesian CART prior [22, 25], on the other hand, starts from outside the tree by
assigning ,@7— ~ N (0, g, 1 \7...|) for some g,, > 0, ultimately setting the bottom node variances
equal. This translates into the following ‘g-prior’ on the internal wavelet coefficients through
the duality (14).

DEFINITION 2. Let T € T with a pinball matrix At and denote with B+ the internal
wavelet coefficients. We define the g-prior for trees as

(17) B ~N (0,9, (ATA7T)™")  for some g, > 0.

Note that, except for very special cases (e.g. flat trees) A’ A7 is in general not diagonal,
unlike A7 A’-. This means that the correlation structure induced by the Bayesian CART prior
on internal wavelet coefficients is non-trivial, although A’-A7 admits some partial sparsity.
We characterize basic properties of the pinball matrix in Section 8.1 in the Supplement. For
example, Proposition 3 shows that matrices A’ A7 and A7 A’ have the same eigenspectrum
consisting of values 2! where [ corresponds to the depth of the bottom nodes. This means that
the g-prior variances (diagonal elements of g,, (A" A7) ~1) are lower-bounded by the minimal
eigenvalue of g, (A’-A7)~" which equals gn27" (where [ is the depth of the deepest external
node) which is lower-bounded by g, /n. Since the traditional wavelet prior assumes variance
1, the choice g, = n matches the lower bound 1 by undersmoothing all possible variance
combinations. While other choices could be potentially used (see [30, 45, 31] in the context
of linear regression), we will consider g, = n in our results below.
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We regard (17) as the ‘g-prior for trees’ due to its apparent similarity to g-priors for linear
regression coefficients [71]. The g-prior has been shown to have many favorable properties in
terms of invariance or predictive matching [5, 4]. Here, we explore the benefits of the g-type
correlation structure in the context of structured wavelet shrinkage where each ‘model’ is
defined by a tree topology. The correlation structure (17) makes this prior very different from
any other prior studied in the context of wavelet shrinkage.

3. Inference with (Dyadic) Bayesian CART. In this section we investigate the infer-
ence properties of tree-based posteriors, showing that (a) they attain the minimax rate of
posterior concentration in the supremum-norm sense (up to a log factor), and (b) enable un-
certainty quantification: for f in the form of adaptive confidence bands, and for smooth func-
tionals thereof, in terms of Bernstein-von Mises type results. For clarity of exposition, we fo-
cus now on the one-dimensional case, but the results readily extend to the multi-dimensional
setting with R?, d > 1 fixed, as predictor space; see Section 7.4 for more details.

3.1. Posterior supremum-norm convergence. Let us recall the standard inequality (see
e.g. (60) below), for fy a continuous function and f a Haar histogram (8), with coefficients

Blok and Blk‘a

A8)  If = folloe <1810 = Biol + > 2% max B = Biil = b (/. fo).

>-1

As (o, dominates || - ||, it is enough to derive results for the £o,—loss.

Given atree 7 € T, and recalling that trees in T have depth at most L := Ly, = |logyn |,
we consider a generalized tree-shaped prior II on the internal wavelet coefficients, recalling
the notation 7, , from Section 2.2,

nt
T ~ HT
(19) (Bik)i<p k<2t | T ~ w(Br) ® ® 50(Bix),
LE)ET s

where 7(37) is a law to be chosen on R!7inel, not necessarily of a product form. This is a
generalization of (9), which allows for correlated wavelet coefficients (e.g. the g-prior). Let
X 7 denote the vector of ordered responses X, in (2) for (I, k) € ’ng From the white noise
model, we have

1
X7=0r+ Vo with er ~N(0,17.,|) (givenT).

By Bayes’ formula, the posterior distribution II[- | X'| of the variables (8 )i<r,x has density
(20) M TTIX]-xBr | X)- [[ To(Bw),
TeT (LE)ET: e
where, denoting as shorthand Ny (7) = [ e~ s 1877 XBrr(3)dB 1,
Nx(T) ’

(22) T[T | X] ZZ?/XVI/(T()ﬂ’
X

TeT

21 m(Br| X) =

with W (T) = o (T)Nx (T).
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Let us note that the sum in the last display is finite, as we restrict to trees of depth at most
L = Ly,4,. Note that the classes of priors Il from Section 2 are non-conjugate, i.e. the
posterior on trees is given by the somewhat intricate expression (22) and does not belong
to one of the classes of Il priors. While the posterior expression (21) allows for general
priors m(37), we will focus on conditionally conjugate Gaussian priors for simplicity. This
assumption is not essential and can be relaxed. For instance, in case 7 () is of a product
form, one could use a product of e.g. Laplace distributions, using similar ideas as in [17],
Theorem 5.

Our first result exemplifies the potential of tree-shaped priors by showing that Dyadic
Bayesian CART achieves the minimax rate of posterior concentration over Holder balls in
the sup-norm sense, i.e. £, = (n/logn)~*/(22+1) up to a logarithmic term. Define a Holder-
type ball of functions on [0, 1] as

23 H(a, M) :=1{ feC[0,1]: 2lG+e) (¢, V{10 < M Y.
@) Haw)={fechal | mux A0V 0l <
For balanced Haar wavelets vy, as in (3), H(cv, M) contains the a standard a-Holder (resp.
Lipschitz when « = 1) ball of functions for any « € (0, 1], defined as

. { )50
en 1= {7+ 11l < 01, LS

Our master rate-theorem, whose proof can be found in Section 6, is stated below. It will be
extended in various directions in the sequel.

<M Vz,ye [0,1]}.

THEOREM 1. Let Il be the Galton-Watson process prior from Section 2.1 with py, =
I'=! and T' > 2¢3. Consider the tree-shaped wavelet prior (19) with w(B7) ~ N(0,%7),
where X is either I\ | or gn (A A7)~ with g, = n. Define

log? P
(25) en = ( 08 ”) for a>0.
n
Then for any o € (0, 1], M > 0, any sequence M,, — oo we have for n — 0o
(26) sup By Il[frg: loo(fr,8, f0) > Mpen | X] — 0.
erH(avM)

By (18), the statement (26) also holds for the supremum loss || - || co-

EXTENSION 1. While Theorem I is formulated for Bayesian CART obtained with Haar
wavelets, the concept of tree-shaped sparsity extends to general wavelets that give rise to
smoother objects than just step functions. With {1y} an S—regular wavelet basis on [0, 1],
e.g. the boundary-corrected wavelet basis of [24] (see [37], Chapter 4, with adaptation of
the range of indices ), and with fo € H(«, M) defined in (23) for some M > 0 and arbitrary
0 < a < S, one indeed obtains the statement (26) by choosing I' > T'¢(S) >0 orc> ¢y >0
large enough, see Section 10.2.

Theorem 1 encompasses both original Bayesian CART proposals for priors on bottom
coefficients B ~ N(0,17. ,|) (the case X7 = g, (A7 A’)~! discussed in Section 2.3) as
well as the mathematically slightly simpler wavelet priors X7 = I;7; | (discussed in Section
2.2.1). We did not fully optimize the constants in the statement; for instance, one can check
that I' > 2 for the g-prior works. The rate £, in (25) coincides with the minimax rate for
the supremum norm in the white noise model up to a logarithmic factor (logn)ze+1. We
next show that this logarithmic factor is in fact real, i.e. not an artifact of the upper-bound
proof. We state the results for smooth-wavelet priors, which enable to cover arbitrarily large
regularities, but a similar result could also be formulated for the Haar basis.
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THEOREM 2. Let It be one of the Bayesian CART priors from Theorem 1. Consider the
tree-shaped wavelet prior (19) with 7(B71) ~ N(0,7), where X is 1|7, | and {{} an
S—regular wavelet basis, S > 1. Let €,, be the rate defined in (25) for a given 0 < o < S. Let
the parameters of Ily verify either T' > T'4(S) a large enough constant, or ¢ > ¢y > 0 large
enough. For any M > 0, there exists m > 0 such that, as n — o0,

= focHlonn) 10 oo (fT.8: f0) <men | X]

In other words, there exists a sequence of elements of H(«, M) along which the posterior
convergence rate is slower than me,, in terms of the /. —metric. In particular, the upper-
bound rate of Theorem 1 cannot hold uniformly over H(«, M) with a rate faster than &,
which shows that the obtained rate is sharp (note the reversed inequality in (27) with respect
to (26); we refer to [13] for more details on the notion of posterior rate lower bound). The
proof of Theorem 2 can be found in Section 10.3.

EXTENSION 2. Theorem 1 holds for a variety of other tree priors. This includes the con-
ditionally uniform prior mentioned in Section 2.1.1 with A = 1/n€ in (5), or an exponential-
type prior II7(T) e~ ClTearl o8 o for some ¢ > 0. One can also assume a general Gaus-
sian prior on active wavelet coefficients with an unstructured covariance matrix Y7 which
satisfies Ain(X7) 2 1/+/logn and \par (X7) < n® for some a > 0. Detailed proofs can be
found in the Supplement (Section 10.1).

Only very few priors (actually only point mass spike-and-slab based priors, as discussed
in the Introduction) were shown to attain adaptive posterior sup-norm concentration rates.
Theorem 1 now certifies Dyadic Bayesian CART as one of them. The logarithmic penalty
in the rate (25) reflects that Bayesian CART priors occupy the middle ground between flat
trees (with only a depth cutoff) and spike-and-slab priors (with general sparsity patterns).
As mentioned earlier, flat trees are incapable of supremum-norm adaptation, as we formally
prove in Section 3.4. The fact that the more flexible Bayesian CART priors still achieves
supremum-norm adaptation in a near-optimal way is a rather notable feature. From a more
general perspective, we note that while general tools are available to derive adaptive L>— or
Hellinger—rate results in broad settings (e.g. model selection techniques, or the theory of pos-
terior rates in [34]), deriving adaptive L°°—results is often obtained in a case-by-case basis;
two possible techniques are wavelet thresholding (when empirical estimates of wavelet coef-
ficients are available) and Lepski’s method (which requires some ‘ordered’ set of estimators,
typically in terms of variance; for tree-estimators for instance it would not readily be appli-
cable). The fact that tree methods enable for supremum-norm adaptation in nonparametric
settings is one of the main take-away messages of this work.

3.2. Adaptive Honest Confidence Bands for fo. We now turn to the ultimate landing
point of this paper, uncertainty quantification for fy and its functionals. The existence of
adaptive confidence sets in general is an interesting and delicate question (see Chapter 8 of
[37]). In the present context of regression function estimation under the supremum norm
loss, it is in fact impossible to build adaptive confidence bands without further restricting the
parameter space. We do so by imposing some classical self-similarity conditions (see [37],
[53] for more details).

DEFINITION 3. (Self-similarity) Given an integer jo > 0, we say that f € H(a, M) is
self-similar if, for some constant € > 0,

(28) 1K (f) = flloo > €277 forall j > jo,
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where K;(f) = Zlgj—l >k (Yik, f) Y, is the wavelet projection at level j. The class of all
such self-similar functions will be denoted by Hgs(a, M, €).

Section 8.3.3 in [37] describes self-similar functions as typical representatives of the
Holder class. As shown in Proposition 8.3.21 of [37], self-dissimilar functions are nowhere
dense in the sense that they cannot approximate any open set in H(c, M). In addition,
Bayesian non-parametric priors for Holder functions charge self-similar functions with prob-
ability 1. Finally, self-similarity does not affect the difficulty of the statistical estimation
problem, where the (/,,) minimax rate is not changed after adding this assumption. A vari-
ant of the self-similarity condition was shown to be necessary for adaptive inference, in that
such condition cannot essentially be weakened for uniform coverage with an optimal rate to
hold [11].

Following [53], we construct adaptive honest credible sets by first defining a pivot center-
ing estimator, and then determining a data-driven radius.

DEFINITION 4. (The Median Tree) Given a posterior Ilt[- | X| over trees, we define the
median tree 7§ = 7 *(Ilt[- | X]) as the set of nodes

(29) T% ={(L,k), | < Linga, T[(1,k) € Tine | X] >1/2}.

Similarly as in the median probability model [4, 3], a node belongs to T if its (marginal)
posterior probability to be selected by a tree estimator exceeds 1/2. Interestingly, as the
terminology suggests, Ty is an actual tree, i.e. the nodes follow hereditary constraints (see
Lemma 13 in the Supplement). We define the resulting median tree estimator as

(30) fre)= )" Xutu(x).
(LE)ETS
Moreover, we define a radius, for some v,, — 0o to be chosen, as

Lo 21
Uiy logn
(31 op=0p(X)= sup Z v\ = k:ZO L pyers [ ()]

z€(0,1] 15,

A credible band with a radius 0,,(X) as in (31) and a center fT as in (30) is

(32) Co={f+ 1F = Frllo <on(X)}.

Theorem 3, proved in Section 10.4, shows that valid frequentist uncertainty quantification
with Bayesian CART is attainable (up to log factors). Indeed, the confidence band (32) has a
near-optimal diameter and a uniform frequentist coverage under self-similarity.

THEOREM 3. Let 0 < a1 <as <1, M >1 and € > 0. Let 11 be any prior as in the
statement of Theorem 1. Let o, be as in (31) with v, such that (log n)l/ 2 = o(vy,) and let

fT denote the median tree estimator (30). Then for C,, defined in (32), uniformly over o €
[, o], as n — oo,

inf P eC,) — 1.
foeHan(Me) (o € Cn)

For every a € [a1,as] and uniformly over fy € Hgs(a, M,e), the diameter |Cploo =
supy gec, |f — 9l and the credibility of the band verify, as n — oo,

(33) Cnloe = Op,, ((n/ logn) ™/ ety ),
(34) I[C, | X] =1+o0p, (1).
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FIG 4. (Left) Pointwise 0.95% credible intervals together with a 95% L°°—credible band (gray area).
(Right) Not-intersected multiscale 0.95% credible band (77) (gray area) using w; = [1/2+0.01 (see
Supplement, Section 7.3.5) together with the ‘optimal’ set (32) obtained with vy, = 1. The true function
is fo(z) = (4o — 1)[(x < 1/2) + (—2z + 2)I(z > 1/2).

Similarly as for Theorem 1, the results of Theorem 3 carry over to wavelet priors over
a smooth wavelet basis, leading to the construction of confidence sets with arbitrary regu-
larities 0 < a1 < ap < 00. The undersmoothing factor v, is commonplace in the context of
confidence bands, with the condition v,, > (log n)l/ 2 reflecting the slight logarithmic price
to pay for trees noted earlier in terms of L°°—estimation accuracy. In the previous statement
both confidence and credibility of C,, tend to 1. It is possible to achieve exact coverage by
intersecting C,, further with another ball. A natural way to do so (from the ‘estimating many
functionals’ perspective, see [18]) is to intersect with a multiscale ball (we refer to Section
7.3 and 7.2 in the Supplement for details and demonstrations). For stability reasons, this
intersection-band seems also preferable in practice and we present in Figure 7 on the right
an illustration of coverage of such a band in nonparametric regression. Apart from the in-
tersection band, another natural choice is an L>°—credible band. Namely, given a centering
estimator f (such as the median-tree estimator), one can consider an L°°—ball around f that
captures 0.95% of the posterior mass (see Figure 7 on the left). We are not aware of any
frequentist validation results for such bands in the adaptive L°°—setting. Results for such
type of credible sets have been obtained in the L?-setting, for instance, in [60]. To guarantee
coverage, the authors need to incorporate a ‘blow-up’ factor (diverging to infinity) to the ra-
dius of the set (see [53] for more discussion). Finally, another possibility would be to ‘paste
together’ marginal pointwise credible intervals (see Figure 7 on the left). It is not clear how
much ‘blow-up’ would be needed to guarantee frequentist coverage under self-similarity and,
again, we are not aware of any theoretical results for such sets.

3.3. Inference for Functionals of fo: Bernstein-von Mises Theorems. By slightly mod-
ifying the Bayesian CART prior on the coarsest scales, it is possible to obtain asymptotic
normality results, in the form of Bernstein-von Mises theorems, that imply that posterior
quantile-credible sets are optimal-size confidence sets. In the next result, Ss denotes the
bounded-Lipschitz metric on the metric space .S (see also the Supplement Section 7.3).

THEOREM 4. Assume the Bayesian CART priors 1l from Theorem I constrained to
trees that fit jo(n) layers, i.e. vy = 1 for I < jo(n), for jo(n) < /logn.
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1. BvM for smooth functionals 1;,(f) := (f,b). Let b € L*°[0,1] with coefficients (by, =
(b, k). Assume S |big| < ¢ for all | > 1 with Y, 1>¢c; < oc. Then, in Py,-probability,

B (L(V/n(s(£) =) | X), LN, []3))) = 0.

2. Functional BvM for the primitive F'(-) = [, f. Let (G(t) : t € [0,1]) be a Brownian mo-
tion. Then, in Py, -probability,

Be(o,n) <E (\/ﬁ(F(') - /0 dx ™| X)> ,E(G)> -0

As a consequence of this result, quantile credible sets for the considered functionals are
optimal confidence sets. For o € (0, 1), let q;pr(X) and qua/Q(X) be the a/2 and 1 — /2

quantiles of the induced posterior distribution on the functional v, = fol f(u)b(u)du and set
I(X) == [q“(X),q" . (X)]. Theorem 4 (part 1) then implies (see [18] for a proof) that

Ty ) T1—ay2
Py, [p(fo) € I(X)] = 1 —a.

Similarly, let R,,(X) be the data-dependent radius chosen from the induced posterior distri-
bution on F(-) = [, f as follows, for F'(-) = [ dx ™,

(35) I[||F = Flloo < Rp(X) | X]=1—cv.

Consider the band CF'(X) := {F : |F — F||sc < Rn(X)}. Then Theorem 4 (part 2) implies
(see [18], Corollary 2 for a related statement and proof), for Fy(-) = fo fo,

Pr, [Foecf(X)] —»1-a.

In other words, the band (35) has exact asymptotic coverage. It can also be checked that
it is optimal efficient in semiparametric terms (that is, its width is optimal asymptotically).
We derive Theorem 4 as a consequence of an adaptive nonparametric BvM (Theorem 9 in
the Supplement; see Section 10.5 for a proof, where other possible choices for jy(n) are
discussed), only obtained so far for adaptive priors in the work of Ray [53], which considered
(conjugate) spike and slab priors. Derivation of the band (35) in practice is easily obtained
once posterior samples are available. Theorem 4 is illustrated, in the regression framework
studied in Section 7.1, on a numerical example with a piece-wise linear regression function
(details on the implementation are in Section 7.2) in Figure 5. The left panel presents a
histogram of posterior samples (together with 2.5% and 97.5% quantiles) of the rescaled
primitive functional F(z) = nF(z) = > i<z f(ti) for z = 0.8 with true value is marked
with a red solid line. The right panel portrays the confidence band (35) which uniformly
captures the true functional (dotted line).

3.4. Lower bound: flat trees are (grossly) suboptimal for the || - | «o—loss. Recall that
the spike-and-slab prior achieves the actual {,,—minimax rate without any additional factor.
Interestingly, the very same prior misses the fo—minimax rate by a log factor [43]. This il-
lustrates that /2 and /., adaptations require different desiderata when constructing priors.
Product priors that correspond to separable rules do not yield adaptation with exact rates in
the /5 sense [12]. Mixture priors that are adaptive in £, on the other hand, may not yield £,
adaptation. We now provide one example of this phenomenon in the context of flat (complete
binary) trees.

The flat tree of depth d = d(7T) is the binary tree which contains all possible nodes until
level d, i.e. v, = [;4. An example of a flat tree with d = 3 layers is in Figure 2. The simplest



16

BvM: Primitive Functional (t= 0.8 ) Credible Band: Primitive Functional

0.010
|

(=3
—— True value * . 3 Truth
st (2.5%,97.5%)-post quant : —— Median Tree Estimator

- - - 95% Posterior Band

0.008
1

. o
L : S
. 5

Density
0.004  0.006
Integral Functional

0.002
1

0.000
L

T T T T T T ] T e T T T
250 300 350 400 450 500 550 0.0 0.2 0.4 0.6 0.8 1.0

values X

FIG 5. (Left) 0.95% credible interval for the (rescaled) primitive functional ﬁ(a:) with x = 0.8; (Right)
the confidence band (35) obtained for fo(z) = (4dx — 1)(x < 1/2) 4+ (—2z + 2)I(z > 1/2).

possible prior on tree topologies (confined to symmetric trees) is just the Dirac mass at a
given flat tree of fixed depth d = D; an adaptive version thereof puts a prior D and samples
from the set of all flat trees. Such priors coincide with so-called sieve priors, where the sieve
spans the expansion basis (e.g. Haar) up to level D. Flat dyadic trees only keep Haar wavelet
coefficients at resolutions smaller than some d > 0 (i.e. y;x = 0 for [ > d). The implied prior
on (Bx )1k can be written as, with 7 (5) aflqb (Bik/o1)s

(36) Bue) | d ~ Q) m(Biw) @ X) o(Bur),

I<d,k 1>d,k

where ¢(-) is some bounded density that is strictly positive on R and o are fixed positive
scalars. The sequence (o;) is customarily chosen so as it decays with the resolution index [,
e.g. o= 2-HB+1/2) for some 0 < 8 < cv. This “undersmoothing” prior requires the knowl-
edge of (a lower bound on) « and yields a non-adaptive non-parametric BvM behavior [18].

A tempting strategy to manufacture adaptation is to treat the threshold d as random through
a prior 7(d) on integers (and take constant o;), which corresponds to the hierarchical prior
on regular regression histograms [55, 61]. It is not hard to check that the flat-tree prior (36)
with random d has a marginal mixture distribution similar to the one of the spike-and-slab
prior on each coordinate (I,k). Despite marginally similar, the probabilistic structure of
these two priors is very different. Zeroing out signals internally, the spike-and-slab prior
(10) is loo—adaptive [43]. The flat tree prior (36), on the other hand, fits a few dense layers
without internal sparsity and is £o—adaptive (up to a log term) [61]. However, as shown in the
following Theorem, flat trees fall short of £,,—adaptation.

THEOREM 5. Assume the flat tree prior (36) with random d, where 7(d) is non-
increasing and where the active wavelet coefficients Py, are Gaussian iid N'(0,1). Moreover,
assume {iy} is an S—regular wavelet basis for some S > 1. Forany 0 < a < S and M > 0,
there exists fo € H(a, M) such that

EfOH [EOO(fT,ﬁva) <(n ’ X] — 0,

logn \ 2a+2
o .

where the lower-bound rate (, is given by (, = <



BAYESIAN CART: RATES AND BANDS 17

Theorem 5, proved in Section 10.6, can be applied to standard priors 7(d) with exponential
decrease, proportional to e~ or e~?1°8¢_ or to a uniform prior over {1,..., Lz }. In [1],
a negative result is also derived for sieve-type priors, but only for the posterior mean and
for Sobolev classes instead of the, here arguably more natural, Holder classes for supremum
losses (which leads to different rates for estimating the functional-at—a—point). Here, we
show that when the target is the /,,—loss for Holder classes the sieve-prior is severely sub-

optimal.

3.5. Nonparametric Regression: Overview of Results. Our results obtained under the
white noise model can be transported to the more practical nonparametric regression model.
While these two models are asymptotically equivalent [10] (under uniform smoothness as-
sumptions satisfied, e.g., by a-Holderian functions with o > 1/2), it is not automatic that
the knowledge of a (wavelet shrinkage/non-linear) minimax procedure in one model im-
plies the optimality in the other. It turns out, however, that our results can be carried over
to fixed-design regression without necessarily assuming « > 1/2. We assume outcomes
Y =(Y3,...,Y,) arising from

(37) Y= folt) +ein & WN(0,1), i=1,...,n=2kmeat]

where fj is an unknown regression function and {¢; € [0,1] : 1 <+ < n} are fixed design
points. For simplicity, we consider a regular grid, i.e. ¢; =i/n for 1 <i <n and assume n is
a power of 2. In Section 7.1, we show that most results for Bayesian CART obtained earlier in
white noise carry over to the model (64) with a few minor changes. One minor modification
concerns the loss function. We mainly consider the ‘canonical’ supremum-norm loss for the
fixed design setting, that is, the ‘max-norm’ defined for given functions f, g by
If = gllon = max |f(t:) — g(t:)],

but it is also possible to consider the whole supremum-norm loss || - ||oc. We postpone state-
ments and proofs to the Supplement, Sections 7.1 and 12.1. In a numerical study (Section
7.2), we illustrate that the implementation of Bayesian CART [22, 25] and the construction
of our confidence bands is rather straightforward. For example, Figure 7 shows how infer-
ence can be carried out with Bayesian CART posteriors in non-parametric regression with
a piece-wise linear regression function using the intersecting band construction (detailed in
Section 7.3.5). Contrary to point-wise credible intervals (on the left) that are easy to produce
but do not cover, our multiscale confidence band (on the right) uniformly captures the true
regression function. More details on this example are presented in Section 7.2.

4. Non-dyadic Bayesian CART. A limitation of midpoint splits in dyadic trees is that
they treat the basis as fixed, allowing the jumps to occur only at pre-specified dyadic locations
even when not justified by data. General CART regression methodology [9, 33] avoids this
restriction by treating the basis as unknown, where the partitioning cells shrink and stretch
with data. In this section, we leave behind ‘static’ dyadic trees to focus on the analysis of
Bayesian (non-dyadic) CART [22, 25] and its connection to Unbalanced Haar (UH) wavelet
basis selection.

4.1. Unbalanced Haar Wavelets. UH wavelet basis functions [38] are not necessarily
translates/dilates of any mother wavelet function and, as such, allow for different support
lengths and design-adapted split locations. Here, we particularize the constructive definition
of UH wavelets given by [32]. Assume that possible values for splits are chosen from a set
of n = 2Lma= breakpoints X = {x; : ; = i/n,1 < i < n}. Using the scale/location index
enumeration, pairs ([, k) in the tree are now equipped with (a) a breakpoint by, € X and (b)



18

left and right brackets (L., 1) € X U{0,1}. Unlike balanced Haar wavelets (3), where by, =
(2k +1) /21, the breakpoints by, are not required to be regularly dyadically constrained and
are chosen from X’ in a hierarchical fashion as follows. One starts by setting lopg = 0,799 = 1.
Then

(a) The first breakpoint by is selected from X N (0, 1).
(b) Foreach 1 << Lz and 0 <k < 2, set

(38) hie =la—1)|k/2) Tk =ba—1)|k/2), 1if kiseven,
lik =ba—1)x/2)> Tk =T@-1)|k/2), if kisodd.
If X N (g, rix) # 0, choose by, from X N (I, rix)-
Let A denote the set of admissible nodes (I, k), in that (I, k) is such that X N (li, 7] # 0,
obtained through an instance of the sampling process described above and let
B = (bir) (1,k)c A

be the corresponding set of breakpoints. Each collection of split locations B gives rise to
nested intervals

le = (llk7 blk] and le = (blka le]‘

Starting with the mother wavelet ¢§10 = 1_10 = [(0,1), one then recursively constructs
wavelet functions wﬁ; with a support [, l]ﬁ = L; U Ry as

— 1 (Hsz($) . ]IRUC(:E))
VL7 + Ry 7T\ L | Rug|

By construction, the system W5 = {45, ¢F : (I,k) € A} is orthonormal in L?[0, 1]. With
UH wavelets, the decay of wavelet coefficients S5 = (f, ¢£> for a a—Holder function
f verifies |85 < max{|Ly|,|Rix|}*+'/2, see Lemma 9. [32] points out that the com-
putational complexity of the discrete UH transform could be unnecessarily large and im-
poses the balancing requirement max {| Ly |, | Rix|} < E(|Lik| + | Rix|) V(, k) € A, for some
1/2 < E < 1. Similarly, in order to control the combinatorial complexity of the basis system,
we require that the UH wavelets are weakly balanced in the following sense.

(39) bip(x)

DEFINITION 5. A system VB = {48, ¢ : (I,k) € A} of UH wavelets is weakly bal-
anced with balancing constants E, D € N* if, for any (1,k) € A,
Ik

M,
(40) max (|Lig|, | Rix]) = D for some My, € {1,...,E+1}.

Note that in the actual BART implementation, the splits are chosen from sample quantiles
to ensure balancedness (similar to our condition (40)). Quantile splits (Example 2 below)
are a natural way to generate many weakly balanced systems, providing a much increased
flexibility compared to dyadic splits, which correspond to uniform quantiles. Other examples
together with a graphical depiction of the unbalanced Haar wavelets for certain non-dyadic
choices of split points by, are in the Supplement (Figure 9 in Section 9).

EXAMPLE 2 (Quantile Splits). Denote with G a c.d.f with a density g on [0, 1] that sat-
isfies ||g|loo < 2P~1/(2E) for E,D > 0 chosen below and ||1/g|s < Cy for some Cy > 0.

Let us define a dyadic projection of G as
G;l(m) =271 2'G Y (x)],



BAYESIAN CART: RATES AND BANDS 19

Beta(1,1) Beta(2,5)

0
o 0
)
o 0
o s
% \

(@) g(x) ~B(1,1) (b) g(z) ~B(2,5)

FIG 6. Example of quantile splits for a uniform density g(x) and a non-uniform beta density g(x)
using Liqz = 6.

and next define the breakpoints, for | < Ljq, and 0 <k < 2l as
(4D b =GrL pl(2k+1)/241)

The system \I/]j obtained from steps (a) and (b) with splits (41) is weakly balanced for E =
2+ 3Cq2D_1. This is verified in Lemma 12 in the Appendix (Section 9.4). Moreover, Figure 6
in illustrates the implementation of the quantile system, where splits are placed more densely
in areas where G(x) changes more rapidly.

The non-dyadic Bayesian CART prior is then defined as follows:

* Step 1. (Basis Generation) Sample B = (b, )o<k<2'—1,<z, from IIg by following the steps
a)-b) around (38) subject to satisfying the balancing condition (40).

o Step 2. (Tree Generation) Independently of B, sample a binary tree 7 from one of the
priors 1l described in Section 2.1.

» Step 3. (Step Heights Generation) Given T, we obtain the coefficients (ﬁlB,; ) from the tree-
shaped prior (19). Using the UH wavelets, the prior on the internal coefficients BZB,; can be

translated into a model on the histogram heights EIB,; through (8).

An example of such a prior is obtained by first randomly drawing quantiles (e.g. by drawing a
density at random verifying conditions as in Example 2) to generate the breakpoints for Step
1 and then following the construction from Section 2 for Steps 2—3. The following theorem
is proved in Section 11.

THEOREM 6. Let Il be any prior on breakpoint collections that satisfy weak balanced-
ness according to Definition 5. Let It be the Galton-Watson process prior from Section 2.1
with py, = T, Consider the tree-shaped wavelet prior (19) with 7(B) ~N(0, Ii1.,.1)- Let
fo € HS as in (24) for some M > 0 and 0 < o < 1 and define

s (1 Fatl
42) en = (logn) 1+ (Og”> "
n

Then, there exist I'g, cog > 0 depending only on the constants E, D in the weak balancedness
condition such that, for any I' > Ty and ¢ > ¢y, for any M,, — oo, we have, for n — oo

(43) Er [ loo(f7 8, f0) > lf1,8 = folloo > Mpen | X] = 0.

In the context of piecewise constant priors, Theorem 6 allows further flexibility in the
choice of the prior as compared to Theorem 1 in that the location of the breakpoints, on the
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top of their structure given by the tree prior, can vary in their location according to its own
specific prior. Whether one can further weaken the balancing condition to still get optimal
multiscale results is an interesting open question that goes beyond the scope of this paper. In
addition, the log-factor in (42) could be further optimized, similarly as in Theorem 1.

5. Discussion. In this paper we explored connections between Bayesian tree-based re-
gression methods and structured wavelet shrinkage. We demonstrated that Bayesian tree-
based methods attain (almost) optimal convergence rates in the supremum norm and obtain
limiting results for functionals, that follow from a non-parametric and adaptive Bernstein—
von Mises theorem. The developed framework also allows us to construct adaptive credible
bands around fy under self-similarity. To allow for non-dyadically organized splits, we in-
troduced weakly balanced Haar wavelets (an elaboration on unbalanced Haar wavelets of
[38]) and showed that Bayesian CART performs basis selection from this library and attains
a near-minimax rate of posterior concentration under the sup-norm loss.

Although for clarity of exposition we focused on the white noise model, our results can
be extended to the more practical regression model for fixed regular designs (Section 7.1 in
the Supplement) or possibly more general designs under some conditions. We note that the
techniques of proof are non-conjugate in their key tree aspect, which opens the door to appli-
cations in many other statistical settings. A version of Bayesian CART for density estimation
following the ideas of the present work is currently investigated by T. Randrianarisoa as part
of his PhD thesis. More precisely, using the present techniques, it is possible to develop mul-
tiscale rate results for Pélya trees with ‘optional stopping’ along a tree, in the spirit of [66].
Our confidence set construction can be also shown to have local adaptation properties. The
ability of Bayesian CART to spatially adapt in this way will be investigated in a followup
work. Further natural extensions include high-dimensional versions of the model, extending
the multi-dimensional version briefly presented here, as well as forest priors. These will be
considered elsewhere.

6. Proof of Theorem 1. The proof proceeds in three steps. In Section 6.1 we first show
that the posterior concentrates on not too deep trees. In Section 6.2, we then show that the
posterior probability of missing signal vanishes and, finally, in Section 6.3 we show that the
posterior distribution concentrates around signals. To better convey main ideas, we present
the proof for the independent prior 3+ ~ N (0,X7) with ¥7 = Ik for K = |Tcy| and the
Galton-Watson (GW) tree prior from Section 2.1.1 with a split probability p;. The proof for
the g-prior X7 = gy, ( ’7—A7-)_1 is more technically involved and is presented in Section 10.1
in the Supplement.

We will be working conditionally on the event

44 = 2 < 92]og (2LH1
(9 A {—1§zsr%?(}><§k<zl€lk— og (27) ¢

where L = Lyq. = [logyn|. Since g ~ N(0,1), this event has a large probability
in the sense that P(A°) < (logn)~!, which follows from P Lréalzngﬁ >2logN| <
co/+/1og N for some ¢ > 0 when Z; ~ N(0,1) for 1 <i < N.

6.1. Posterior Probability of Deep Trees. The first step is to show that, on the event A,
the posterior concentrates on reasonably small trees, i.e. trees whose depth d(7') is no larger

than an ‘optimal’ depth which depends on the unknown smoothness «. Let us define such a
depth L. = L.(a, M) as

1 n Tart
(45) L= {ng ((SM) at173 <1Ogn> ﬂ .
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LEMMA 1. Under the assumptions of Theorem 1, on the event A,

(46) [d(T) > Le| X]—0  (n— o00).

PROOF. Considerone tree 7 € T such that d(7°) > 1 and denote with 7~ a pruned subtree
obtained from 7 by turning its deepest rightmost internal node, say (I1, k1), into a terminal
node. Then 7~ =7, , U7T_,, where

Timt = Tint \{(11, k1), Togy = Tear \{(l1 + 1,2k1), (11 + 1,2k1 + 1)} U {(l1, k1) }-

Note that 7~ is a full binary tree and that the mapping 7 — 7 ~ is not necessarily injective.
Indeed, there are up to 247 ) trees 7 that give rise to the same pruned tree 7. Let Ty =
{T € T:d(T)=d} denote the set of all full binary trees of depth exactly d > 1. Then, using
the notation (22),

2 7er, Wx(T) _ e, VK(X(TT)) Wx(T7)
> rer Wx(T) S e Wx(T)

@7) T[T, | X] =

wx(T) _ Ta(T) S Mamer,, """ 2dr(Br)
Wx(T-) HOxp(T) fH(Lk)eTi;/enX““ﬁ”"_”’Bfk/de(ﬁTf)
Let X7 = (Xi: (I,k) € T.,,) and B+ = (B : (I,k) € T.,,) be the top-down left-to-right

ordered sequences (recall that we order nodes according to the index 2! + k). Assuming
Br ~N(0,%7), and denoting K = |Tept| = |Tint| + 1,

where

Wx(T) _ H(T) | X7 fenX/TﬁT_ﬁ,T[nIK'FE;-l]ﬁT/QdIBT
Wx(T7) ~ Ta(T7) \| 20[S7] [ X Br Byl +5, 118 243

(48)

L Ie(T) (S| Ik + 57 et X (et X2
HT( ) |E’T| |nIK + E%1| ean/T* (nIK71+Z;17)*1XT,/2 .

Since X, 1, corresponds to the node (1, k) with the highest index 2 + &, one can write X 7 =
(X7, Xiyk)"

We focus on the GW prior from Section 2.1.1 and on the independent prior 7 = I and
present proofs for the remaining priors in Section 10.1. Using the expression (48) and since
(I1,kq) is the deepest rightmost internal node in 7, and 7 is of depth d =d(T) =13 + 1,
using the definition of the GW prior,

Wx(7) _ x(T) H o7t Vi ~ pa—1(1 —pq)? e T D) i1k
Wx(T-) Ix(77) NoES Ly JnET

(LR)ET A\ T
Suppose T has depth d(7T) > L. Then l; > L. and from the Holder continuity (23), one gets
8|51k, | < v/logn/n, where L, is as in (45). Then, conditionally on the event (44),

1
(49) | X1,k —/logn + \/2logn+log4]

< 1
- \/ﬁ 8
and thereby 2.X 121 g, S ologn /n. Recall that, under the GW-prior, the split probability is p; =
'~ AsT > 2, one has pa < 1/2 and so, for any d > L.,
Wx(T)
Wx(T-)

5nlogn

1
ONOBN T 6e(1 3 p, 1.
An+1) 5 o8l +")>< n Pd-1

<2pg— 1eXP<
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Going back to the ratio (47), we now bound, with a(n,d) =: 2n3/*

I[Tq | X] < ETer Wx(T7) < ZTe’Jr* 247 )WX(T) < 9d
a(n,d) YrerWx(T) = YreaWx(T) —
where T is the image of Ty under the map 7 — 7 —, and using that at most 20(T™) trees

are mapped to the same 7 —. Using this bound one deduces that, on the event A, with L =
Loz = 10g2 n,

Pd—15

L L
T[d(T)>Le|X]= > T[Ty X]<4n®* Y~ 297"py 4
d=L.+1 d=L.+1

<4n3* Lexp[—Lclog(T/2)].

As L. = (logn)/(1 + 2a), the right hand side goes to zero as soon as, e.g. log(I'/2) >
7(1+ 2a)/8 that is, for a < 1, T > 2¢3. O

6.2. Posterior Probability of Missing Signal. The next step is showing that the posterior
probability of missing a node with large enough signal vanishes.

LEMMA 2. Let us denote, for A > 0 to be chosen suitably large,

1
(50) Smpbz{(> MA>A§§}
Under the assumptions of Theorem 1, on the event A from (44),
(51) O{T:S(f; A)LT}H|X]—0 (n — 00).

PROOF. As before, we present the proof with the GW prior from Section 2.1.1 and for the
independent prior with 37 = I, referring to Section 10.1 for the g-prior. Let us first consider
a given node (lg,ks) € S(fo; A), for A to be specified below, and note that the Holder con-
dition on fo implies /s < L. (for n large enough). Let T\, 1) = {7 € T: (ls,ks) & Tint}
denote the set of trees that miss the signal node in the sense that they do not have a cut at
(Is,ks). For any such tree T € T\ ) we then denote by T+ the smallest full binary tree
(in terms of the number of nodes) that contains 7 and that splits on (Ig, ks). Such a tree can
be constructed from 7" € T\ 1) as follows. Denote by (lo, ko) € Tezt N [(0,0) > (Is, ks)]
the external node of 7 which is closest to (ls, ks) on the route from the root to (Ig, kg) in
a flat tree (denoted by [(0,0) <+ (Is, ks)]). Next, denote by 7+ the extended tree obtained
from 7 by sequentially splitting all (1, k) € [(lo, ko) <> (ls, ks)]. Similarly as for 7 — T~
above, the map 7 — 7T is not injective and we denote by T ks) the set of all extended
trees 7+ obtained from some 7 € T\ (15,ks)- Now, the posterior probability 11 [T\(l sks) | X }
of missing the signal node (Ig, kg) equals

Wx(T)
ZTGT\USvks) WX(T) ZTET\USJV'S) VVXX(T+ WX(T+)
2rerWx(T) 7 rerygn, Wx(T)
Let us denote by 7U) for j = —1,..., s the sequence of nested trees obtained by extending

one branch of T towards (g, kg) by splitting the nodes [(lo, ko) <> (Is,ks)], where T+ =
7) and T =T, Then

(52)

(53) Wx(T) _ HT(T))li[ Ny (TU-D)

Wx(TF)  1x(TF) 15 Nx(T0) |
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Under the GW process prior with p; = I'~! for some I" > 2, the ratio of prior tree probabilities
in the last expression satisfies

I (T) 1-p, s 1 1

G (T4~ oy (zllll (1 —pz)> U —p)?

The first term is due to the fact that 7+ splits the node (I, ko) while 7 does not. The second
term in the denominator is the extra prior probability of 7+ over 7T that is due to the branch
reaching out to (I, ks). Along this branch (note that this is the smallest possible branch), one
splits only one daughter node for each layer [ (thereby the term p;) and not the other (thereby
the term 1 — p;). The third term above is due to the fact that the two daughters of (Ig, kg) are
not split. The quantity (54) is bounded by 2!s —lo+2[(lo+s)(ls—lo+1)/2 < 4T2%

Assuming 7 = I, we can write for any 7 in T\ 1)

Wx(T)  x(T) H vn+1
Wx(T+) (T (

(55)

2

2
X
Lk)eT+\T e

Using the definition of the model and the inequality 2ab > —a?/2 — 2b? for a,b € R, we
obtain X7, > (8),.)?/2 — €] ;. /n. On the event A, one gets

20R0 )2
n2 lzk } gexp{n (Blsks) n(log2)(logon + 1) }
Shs

——X
eXp{ 2(n+1) A(n+1) n+1
The term in (55) can be thus bounded, for any 7 € T\ (; 1), by

Wx (T) or2 3(ls —lp +1)(logon+1)  nA%log®n

— = < CT'*'s — =:b(n,lg).

W (T+) = P 2 Aln+1) (m,1s)
\Ye now continue to bound the ratio (52). For egvch given T+, there are at most lg trees
T € T\ (14 ,ks) Which have the same extended tree T+ =TT. This is because 7 is obtained

by extending one given branch by adding no more than /g nodes. Using this fact, (52), and
the definition of b(n,lg) on the last display,

II [T\(ls,ks) |X] < ZTET\(zs,kS) WX(TJr) <1 ZTGT(LS,k-,S) WX(T)
< <lg .
b(n’ ZS) ZTET(lS,kS) Wx (T) ZTET(zS,kS) W (T)
By choosing A = A(I") > 0 large enough, this leads to

A

II [T\(ls,ks) | X] S e(3/24-3logl")(log2 n+1)2_%2 log n 5 e_Tj loan.

Then the result follows as, on the event A,

A

Z T\ ) | X] S pfetlomiglog’n < o= gloe’n g O
(Is,ks)€S(fo,A)

6.3. Posterior Concentration Around Signals. Let us now show that the posterior does
not distort large signals too much.

LEMMA 3. Let us denote, for L. as in (45) and S( fo; A) as in (50),

(56) T={T:d(T)<Le, S(fo;A) C T}
Then, on the event A, for some C' > 0, uniformly over T € T,

logn
57 — Bpld[Br| X 7] < C’ ,
(57) onax, 1B = Bue|dIL[Br | X 7] < Ty [ —>

with X = (X : (I,k) € T..,) the ordered vector of active responses.

wnt
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PROOF. For a given tree 7 with K = |7..| leaves, we denote by B+ = (B : (I,k) €
) the vector of wavelet (internal node) coefficients, with X 7 the corresponding re-
sponses and with €7 the white noise disturbances. It follows from (21) that, given X 7 (so for
fixed ;) and T, the vector 3+ has a Gaussian distribution B+ X7 ~ N (pr, 537—), where

Y= (nlg + 2}1)_1 and p = nSr (59’ + ﬁET) . Next, using Lemma 7, we have

(58) E (187 = BTl | X7] < |t = BFlloo + V202 log K +2V2752,

2

where 0“ = max diag(gh—). Focusing on the first term, we can write

(59) 7 = BT oo < VlIZ7eTllo0 + [|(nZ7 = 1) B lloo-

Using the fact (I+B) ' =TI —(I+B~)~!, we obtain nS7 — I = —(Ix +nX7)~*. From
now on, we focus on the simpler case 37 = Ik and refer to Section 10.1.3 (Supplement) for

the proof for the g-prior. With X7 = I we can write || (nifr — 1K) B% o = % < C/n.

Using the fact that ||e7||co < v/Iogn on the event A, we obtain /7| S7e7 oo < lo%. The

~

sum of the remaining two terms in (58) can be bounded by a multiple of y/logn/n by noting
that 52 = 1/(n + 1). The statement (57) then follows from (58). O

6.4. Supremum-norm Convergence Rate. Let us write fo = foﬁc + f(}'cc, where fOLc
is the L2—projection of fy onto the first L. layers of wavelet coefficients. Under the
Holder condition the equality holds pointwise and || fO\EC 0o < Y sr. ol/29-1(1/240a) <
(log n/n)a/(2a+1).

The following inequality bounds the supremum norm by the ¢,,—norm,

I = folloo < ,;og}%z =l 52t

0<k<2-l
<I(f_ 1/2 _ R0 _ .
(60) <|(f = fo. )] +l§>;2 o, Bik = Bik| = boc (f: fo)
We use the notation S(fp; A), T as in (50) and (56) and
(61) 5={f7—’g :TET}.

Using the definition of the event A from (44), one can write

Er[frp: lfrp = follo >en | X] < Pp [A] + Ej, IT[E°| X]
(62) +Ep M frpe&: [fr.8 = follo >en| X]La}.
By Markov’s inequality and the previous bound (60),

Mlfrpe€: frp—folloo > en| X <er! /g 1£7.5 — folloodTT[f7.| X]Ia

oo

< —1 2[/2 A0 dil X1 -1 \Le
<en gﬁj | o 18 — BleldTl | XILa p +20 o

With T as in (56), the integral in the last display can be written, for [ < L.,

_ B9 _ 20
gog}iﬁﬂﬂm Bildl[ fr g | X] ;W[T\X] Orgr}fgl\ﬂzk B ldBr| X 7]
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X] 0 — B ) d[Br | X
7 / - <o<k<2rlnz)1§)¢7: Ot o s, Bm’) rixT]

1
§min< max |Blk| A %) +

where we have used that on the set &, selected trees cannot miss any true signal larger than
Alogn/+/n. This means that any node (I, k) that is not in a selected tree must satisfy |35 | <

Alogn/\/n.

Let L* = L*(«) be the integer closest to the solution of the equation in L given by
M2~ 1(e+1/2) = Alogn/+/n. Then, using that fy € H(a, M),

ZQémin< max ‘5lk| Alogn) 22 Alogn+ Z 23 M2 LGt

I<L. I<L* L+<I<L.

X — Bl ldI[Bs| X
Sort71 [ ooV~ Ghlanipr | X,

(63) <ol A8 | cotra < Golie < (Vg2 ) T

NG

Using Py, [A°] + Ey,I1[€¢| X]| = o(1) and Lemma 3, one obtains
U frp: 1frp = follo >en| X] <o(1)+
et o

1 |
71 Z 9l/2 [m1n< maX |/Blk’ A (z/g’n> +0/@ T en

I<L.

e 1"

1 Tt 2L ]
<Og ") +20 ) B e
n n

<o(1) + ;" |e(logn)®/ @D 12| (1()7%71) R

<o(1)+e,?

n

for some C’ > 0. Choosing &, = M, ((log”n)/n) 1 the right hand side goes to zero for
any arbitrarily slowly increasing sequence M,, — oc. O
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7. Additional results.

7.1. Nonparametric regression: ||-||o—rate and bands. ~Assume outcomes Y = (Y7,...,Y},)
arising from

(64) Yi=folt) +ei, e X N(0,1), i=1,...,n=2kmt1

where fj is an unknown regression function and {¢; € [0,1] : 1 <1 < n} are fixed design
points. For simplicity we consider a regular grid, i.e. t; = ¢/n for 1 < i < n and assume n is
a power of 2. Irregularly spaced design points could also be considered with more technical
proofs. Below we show that many results for Bayesian CART posteriors obtained in the white
noise model in the main paper carry over to the regression model (64). Although the white
noise and regression models can be shown to be ‘asymptotically equivalent’ in the Le Cam
sense under smoothness assumptions, this does not enable to transfer results for posterior
distributions from one model to the other.

To derive a supremum norm contraction rate in this setting, we follow an approach close in
spirit to the practically used Haar wavelet transform. Below, we put a prior on the empirical
wavelet coefficients of the regression function f. Indeed, those coefficients can be directly
related to the values f(¢;).

Let X = (w;;) denote the (n X p) regression matrix of p = 2Lmas = /2 regressors con-
structed from Haar wavelets 1, up to the maximal resolution L,,4, i.€., for 1 <7 <n,

R wflo(ti)zl for ]:1
Y () for j=2'+k+1.

The columns have been ordered according to the index 2! 4 k (from smallest to largest).
Note that the matrix X is orthogonal and X'X = nl,. In the sequel we denote Fy =
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(fo(t1),-.., fo(tn)) the vector of realized values of the true regression function at the de-

sign points. Also, we set, for two functions f, g defined on [0, 1],

1f = glloon = rgia;;lf(ti) —g(ti)].

1

For given indexes [, k, the empirical wavelet coefficient b?k of fois

(65) b =n"" Z folti) bt

Let o' = (bY.) denote the vector of ordered empirical coefficients. Since X~ = X'/n, we
see that b¥ = X1 F}y or Fy = Xb°, so model 64 can be rewritten, with & = (e1,..,en),
(66) Y = Xb° +e.

Setting Z = X 'Y and n = /nX !¢, we have

(67) Z=b"+n/vn.

Since n/v/n ~ N (0, X’X/n) is a vector of iid N'(0, 1) variables (as X' X = nI), the vector Z
follows a Gaussian sequence model truncated at the nth observation. On the other hand, note
that the likelihood in model (66) is proportional to exp(—||Y — Xb°||%/2) = exp(—n||Z —
b°||2/2). Therefore, the posterior distribution induced by putting a prior distribution on b
in model (66) is the same as the one obtained by choosing the same prior on b" in model
(67). Let us denote by II,[-| Y] this posterior distribution on vectors b. Theorem 7 below
states that its convergence rate in terms of the maximum norm || f — fol|co,n is the same as
the rate obtained in the main paper. If one rather wishes to control || f — fol| o> it is possible
to produce a procedure that yields a rate for the whole function f by interpolation as follows.

Let Z be the map that takes a vector of values ¢ := (f(¢;)) of size n and maps it to the
piecewise-linear function Z() on [0, 1] that linearly interpolates between the values f(¢;)
(for definiteness, assume Z(y) takes the constant value f(¢1) on [0,¢;]). Further define, for
X the map x(b) =Z(Xb),

(68) Iy = [ | Y] o X_l.

In words, II is simply the distribution on functions on [0, 1] induced as follows: sampling
from the posterior I1,[- | Y] induces a posterior on vectors ( f(t;)), from which one obtains a
distribution on functions f’s by the linear interpolation Z.

THEOREM 7. Let 11y, denote the prior distribution on empirical wavelet coefficients in
model (64)/(60) defined in the same way as the prior in Theorem 1, with €, the rate as in
that statement. Then, for I1,[- | Y] the corresponding posterior distribution, for any o € (0, 1],
M > 0 and any sequence M,, — oo,

sup Ep IL[f: || f = folloon > Mpen |Y]—0

Jo€HS,

and, for ﬁy the distribution defined in (68),
SUP EfoHY[ : Hf - fOHoo > Mngn] — 0.

o €EHS

The proposed approach uses the relationship between function values and empirical
wavelet coefficients given by the Haar transform. It is worth noticing that it naturally yields
a result on the canonical empirical max-loss || - ||oc,, and avoids regularity conditions on the
true fp (such as a minimal smoothness level o > 1/2). This approach could be extended to
handle non-equally spaced designs and/or a smoother wavelet basis, under appropriate con-
ditions on the matrix X’X . This is beyond the scope of this paper, but we refer to the work
[68] for results in this vein for spike-and-slab priors.
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REMARK 1. Instead of a continuous linear interpolation I as above, one may use in-
stead a piecewise constant interpolation: defining J ((f(t;)) to be the histogram that takes
the value f(t;) on [t;,t;11), Theorem 7 holds for Ily defined in a similar way as Iy but with
J in place of Z, as can easily been seen from the proof of Theorem 7.

REMARK 2. A seemingly different approach to estimating f consists in putting a prior
distribution directly on the function f via putting a prior distribution on its (Haar—) wavelet
coefficients. Note however that the induced prior on f(t;) is the same as the one above, since
f(t:) =, 1 Biktik(ti) can be rewritten F = X 3 since by definition the prior does not put
mass on By for I > Lyq.. One may also note that for a piecewise constant function over
intervals [t;,ti+1), empirical Haar-wavelet coefficients (the byy,’s) and Haar-wavelet coeffi-
cients (the By, ’s) coincide. This implies that the posterior distributions induced on the vector
(f(ti)) through both approaches coincide. Since posterior samples are piecewise constant
on dyadic intervals, the posterior distribution on f’s obtained from using the prior on [3;,’s
as above coincides with the posterior 11y from Remark 1.

We now turn to the problem of construction of confidence bands for f in the regression
model (64). We follow the approach above and model the empirical wavelet coefficients b°
in (66)—(67) via the tree prior II; as in Theorem 7. Recall Definition 4 of the median tree
associated with a posterior over trees. Let 7y denote the median tree associated with the
posterior distribution II[- | Y]. Given the observed noisy empirical wavelet coefficients Zj,
as in (67), let us define an empirical median tree estimator fr over gridpoints (¢;) as

(69) frit= > Zu(t).
(Lk)ET
Define, for some v,, — oo to be chosen,
Linas logn 2l—1
(70) On=0n(Y)= max. 2 v\ =, kz—() L ke [ (ti)]-

A credible band with radius 7,,(Y") as in (70) and center fr as in (69) is

) Co={f+ 1= Frllom <a(M)}.

We obtain in the next statement the analogue of Theorem 3 for regression. The confidence
band is in terms of the natural empirical norm || - ||oc ,,. We slightly update the definition of
self-similiar functions by restricting to f’s in $; in Definition 3, instead of H (o, M) defined
from wavelet coefficients. This is for technical convenience because H¢; is more natural for
controlling empirical wavelet coefficients. We denote by H'sg(cv, M, ¢) the corresponding
class (note that the classes are nearly the same; we could also have opted for taking H¢, in
Definition 3, which would have avoided the distinction).

THEOREM 8. Let0<aj <as <1, M >1andec > 0. Let II;, be a prior as in the state-
ment of Theorem 7. Let G, be as in (70) with vy, such that (log n)1/2 = o(vy) and let fr de-
note the median tree estimator (69). Then for C, defined in (71), uniformly over a € [a1, ),
as n — oo,

inf P eCf) —1.
foeH/slil(avMﬁ) fO(fO n)

For every o € a1, 9| and uniformly over fo € Hgs(o, M,¢), the diameter |Cf|oon =
supy gece |f = 9lloo,n and the credibility of the band verify, as n — oo,

(72) CEloem = Opy, ((n/logn) =/ Gty ),
(73) I[CS | Y]=1+op, (1).
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FIG 7. (Left) Pointwise 95% credible intervals and 95%-L°° credible intervals (gray area). (Right)
Non-intersected multiscale 95% credible band (77) obtained with w; = j1/2+0.01 (gray area) and the
‘optimal’ band (32) obtained with vy, = 1. (Upper) The true function is fo(x) = 2v/10x. (Lower) The
true function is fo(x) = (4o — 1)I(x < 1/2) + (=22 + 2)I(z > 1/2).

The confidence band C¢, is slightly conservative in the sense that its coverage and credi-
bility go to 1 as n — co. By intersecting this band with an appropriate ball, using a nonpara-
metric BvM theorem, one can build a band with desired prescribed coverage 1 — -y, v > 0, as
demonstrated in Section 7.3. The latter ‘intersection’-band is actually the one we implement
in simulations in the next section and illustrated in Figure 7.1.

7.2. Numerical examples. We highlight the practicality of the confidence bands pre-
sented in Section 3.2 (and the following Section 7.3.5) on numerical examples. We imple-
ment Dyadic Bayesian CART as in [22] using the standard Metropolis-Hastings algorithm
with a proposal distribution consisting of two steps: grow (splitting a randomly chosen bot-
tom node) and prune (collapsing two children bottom nodes into one). The implementation
is fairly straightforward due to immediate access to the posterior tree probabilities through
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a variant of (22) (these closed-form calculations can be easily updated for non-parametric
regression).

We illustrate uncertainty quantification for fy using the intersection band (78) as well as
the “optimal” band (32). The intersection construction yields exact asymptotic coverage; it
uses up more posterior information and in this sense can be viewed as more Bayesian in
spirit. Kolyan Ray [53], Section 6, implemented the intersection-credible set in the case of
spike-and-slab priors and the white noise model. Here we provide an implementation in the
regression model for tree priors. For the computation of the empirical median tree estimator
in (69), one can easily identify nodes (I, k) that have occurred in at least 50% of posterior
samples. Regarding the computation of R,, in (77), the radius can be approximated using
the 95% quantile of the posterior samples of the multiscale norm || - || r4(,,)—norm (acting on
coefficients up to level L,,,.). Therefore, we see that while the confidence band in (78) may
at first look computationally cumbersome, it can be readily obtained from posterior samples.

We generate n = 2!! observations from (64) with fo(x) = 21/10z (top row in Figure 7)
and fo(x) = (dz—1)[(x <1/2)+(—22+2)I(x > 1/2) (bottom row in Figure 7). We choose
jo(n) =4 and w; = ['/?%¢ (the multiscale weighting sequence) with e = 0.01 and I = 1.01
(the splitting probability parameter of the GW process prior). We run 2000 iterations of the
MH sampler with 500 burnin samples. One tempting approach to uncertainty quantification
is computing the pointwise 95% credible intervals for each given ¢;. These intervals are read-
ily available from the posterior samples of the bottom node coefficients (transformed from
the samples of the wavelet coefficients via the pinball formula (13)) and are portrayed in
Figure 7 on the left (red dotted lines). For both functions f; these intervals are too narrow
to uniformly capture fy (depicted in a green dashed line). For comparisons, we also plot
the 95%—L°°—credible bands (blue dashed lines), which have better coverage. The L°°~band
(gray area) is somewhat similar to the multiscale credible band but its coverage properties
are not theoretically understood.

In comparison, the (not-intersected) multiscale 95% credible band in (77) (Figure 7 on
the right; gray area marked with blue dotted lines) is successful at containing the true func-
tion uniformly. These sets resemble the L°°—sets. Figure 7 plots the intersection band which
has exact asymptotic coverage as well as the ‘optimal’ set (32) choosing v, = 1 (red dashed
lines). Note, however, that this intersecting band is smaller than the band analyzed in The-
orem 8 which yields even better coverage. The centering in Figure 7 (right) is the median
tree estimator. Similarly as in [60], we have chosen the blow-up factor v, = 1 which yields
a set (32) which contains the multiscale band. The intersection uses up substantial posterior
information and stabilizes the construction. Out of curiosity, we tried different values v,, and
found that the choice v,, = 0.5 roughly corresponds to the multiscale band.

7.3. Adaptive nonparametric BvM and applications.

7.3.1. From || - ||o to BvM. Let us now formalize the notion of a nonparametric BvM
theorem in multiscale spaces following [18] (we refer also to [17] for more background and
discussion of the, different, L?>—type setting). Such spaces are defined through the speed of
decay of multiscale coefficients i, = (f, ;). For a monotone increasing weighting se-
quence w = (w;),, with w; > 1 and w;/v/1 — oo as | — oo (such a w = (w;)$2, is called
admissible) we define the following multiscale sequence space

maxy |Tik
M) = {2 = ) il gy = sup 2] oo
We consider a separable closed subspace of M (w) defined as

Mo(w) = {g: € M(w) : lim max 2! :o}.

l—oco k wy
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Defining random variables g, = fol Ui (£)dW (t) ~ N(0,1), according to Proposition 2 in
[18], the Gaussian white noise W = (g;.) defines a tight Gaussian Borel measure in the space
Mo (w) for admissible sequences w. The convergence in distribution of random variables in
the multiscale space Mo(w) is metrised via the bounded Lipschitz metric S, (., defined
below. For p, 7 probability measures on a metric space (.5, d) define

Bs(um)= sup /S F(@) (dp(z) — dn(x))]

Fi|[F|lae<1

Fllpr, =sup|F(x)|+ sup ——F————
H H :EES| ( )| T#Yy,r,yeS d(:B, y)
Denote with X = X(™) = (X : 1 € Ng,0 < k < 21), where X, satisfy (2). Let ﬁn = Hnngl
be the image measure of II(- | X) under 7x : f — /n(f — X). Namely, for any Borel set B
we have

(74) M, (B) =TI (v/n(f - X) € B| X).

The following Theorem characterizes the adaptive nonparametric Bernstein-von Mises be-
havior of posteriors under the Bayesian Dyadic CART. In the result below, one assumes that
trees sampled from Ily contain all nodes (7, k) for all j < jo(n) — oo slowly. Note that this
constraint is easy to accommodate in the construction: for the GW process, one starts stop-
ping splits only after depth jo(n), while for priors (5), it suffices to constrain the indicator
I to trees that fill all first jo(n) layers.

THEOREM 9. (Adaptive nonparametric BvM) Let My = Mo(w) for some admissible
sequence w = (wy). Assume the Bayesian CART priors Il from Theorem 1 constrained to
trees that fit jo(n) layers, i.e. vy, = 1 for | < jo(n), for some strictly increasing sequence
jo(n) — oo that satisfies Wj,(n) = clogn for some ¢ > 0. Consider tree-shaped priors as
in Theorem 1 (or using an S—regular wavelet basis, S > 1). Then the posterior distribution
satisfies the weak Bernstein-von Mises phenomenon in My in the sense that

EfOﬁMO(ﬁn,N) —0 asn— oo,
where N is the law of W in M.

This result states an adaptive nonparametric BvM result, in the sense that the prior it con-
siders also leads to an adaptive nonparametric convergence rate in L°° (optimal up to log
terms). It is only the second result of this kind after the one derived by Ray in [53]. This
statement, proved in Section 12.3, can be shown, for example, by verifying the conditions
in Proposition 6 of [18] (appropriate ‘tightness’ and convergence of finite dimensional dis-
tributions). The first tightness condition pertains to contraction in the My—space, which can
be obtained from our || - [|—results. In order to attain BvM, we need to modify the prior to
always include a few coarsest dense layers in the tree (similarly as [53]). Such trees are semi-
dense, where sparsity kicks in only deeper in the tree after jo(n) dense layers have already
been fitted. This enables one to derive the convergence of finite dimensional distributions to
suitable Gaussian distributions. For the independent wavelet prior, the last point follows eas-
ily from results in [17]. For the g—prior on trees corresponding to actual Bayesian CART, it
requires a completely new argument based on the conditional posteriors given possible trees.



SUPPLEMENT TO “UNCERTAINTY QUANTIFICATION FOR BAYESIAN CART” 33

7.3.2. Application 1: multiscale confidence sets. First, let us consider multiscale credible
balls for fy, which we will use in the next subsection for refining the band construction used
in the main paper. Such multiscale balls consist of functions f that simultaneously satisfy
multi-scale linear constraints (see e.g. (5) in [18]):

(75) Bo={f: IIf = Xl pmew) < Rn/Vn},

where R,, is chosen such that II[3,, | X] = 1 —~ (or the smallest radius such that IT[5,, | X] >
1 —7),i.e. B, is a credible set of level 1 — ~.

PROPOSITION 1. Let fy € HY, for some o € (0,1], M > 0. Then for B,, as in (75),

Ps (foeBn) = 1—1, (as n — o00).

The proof of the Proposition 1 is a consequence of the fact that the nonparametric BvM in
the multiscale space holds: one combines Theorem 9 and Theorem 5 in [18].

7.3.3. Application 2: BvM for functionals. As a second application of Theorem 9, we
derive confidence bands for F'(t) := fot f(z)dz,0 <t <1: those result from taking quantile
credible bands in the following limiting distribution result. This application is described in
Theorem 4 and the (short) proof is in Section 10.5.

7.3.4. Application 3: multiscale confidence bands in the white noise model. Let us first
consider the case of the white noise model. For R,, as in (75), 0,,(X) as in (31) and fr as in
(30), let us set

(76) = {1+ 1f = Kllaguy < Ba/ V7, 1f = Frlloo <on(X) }.

Let us recall the definition of the self-similarity class Hgg(c, M, ) from Definition 3.

COROLLARY 1. LetO<a;<as <1, M >1,v€(0,1)ande > 0. Let the prior I1 and
the sequence (wy) be as in the statement of Theorem 9. Take Ry, as in (75), oy, as in (31) with
vy, such that (logn)'/? = o(vy) and let fr denote the median tree estimator (30). Then for
CM defined in (76), uniformly over o € a1, ),

sup [Py, (foe ) = (1=)[ =0,
fo€Hss(a,M,e)
as n — oo. In addition, for every a € [, o] and uniformly over fo € Hgs(a, M,€), the
diameter |CM | = supy geca || f — 9lloo and the credibility of the band verify, as n — oo,

C oo = Opy, ((n/logn) =/ Gt y,),

mneM|x]=1 -7 +op, (1).

This result states that by intersecting the confidence set C,, in (32) with the ball 5,, from
(75), one obtains a set with confidence (and credibility) at the prescribed level 1 — ~. It
directly follows by applying Proposition 1 (which guarantees that B,, has confidence level
1—+y and hence also CT/ZV‘ , since C,, has confidence that goes to 1) and the fact that by definition
BB,, has credibility 1 — ~ (and hence also C;! asymptotically).
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7.3.5. Application 4: multiscale confidence bands in regression. Now consider the re-
gression setting (64). Let us define a discrete analogue for the multiscale confidence ball
(75). Recall that in this setting the observations are the Y’s and that X here denotes the ma-
trix of ¢y (¢;)’s as introduced in Section 7.1. Denote F= (fr(ti))i1<i<n for fr the empirical
median tree estimator. Set

77 By ={b= (buhi<rni 16— X7 Fllpaeu) < Bu/v/n},
where R, is defined in such a way that TI[B | Y] = 1 — v (or possibly > 1 — ~) and where
in slight abuse of notation || - [| o4,y stands for the multiscale norm acting on coefficients up

to level Liyq, only (i.e. the supremum over [ in the definition of [| - || y4(,) is replaced by the
maximum over [ < Ly,q.). For Cj; as in (71), recalling the notation F' = (f(t;))}<;<,,» define

(78) é,&:c:;m{f: X—lFeBg}.

COROLLARY 2. Coysider a prior as in Theorem 9, and~ let C;, be constructed as in The-
orem 8. For v > 0, let Cflv‘ be defined as in (78). The set Cﬁ/l verifies the properties stated
in Theorem 8 except that both confidence and credibility go to the nominal level 1 — v as
n — 0.

This result is obtained in a similar way as for Corollary 1: first, one notes that a BvM result
similar to Theorem 9 in white noise holds (details are omitted, the proof being similar). This
implies that the ball B2 in (77) has confidence going to nominal level 1 — ~. One concludes
by using Theorem 8, that ensures that C¢, and then in turn C?‘[I , has the desired properties in
terms of coverage, confidence and credibility.

7.4. Multi-dimensional extensions. Our tree-shaped wavelet reconstruction generalizes
to the multivariable case, where a fixed number d > 1 of covariate directions are available for
split. We outline one such generalization using the tensor product of Haar basis functions
from (3) defined as

Uik (x) == g, (21) - Vi, (24)

for 1 >0 and k = (k1,...,kg)" with 0 < k; <2 — 1 for i =1,...,d, where U_1o(x) =
[(p,1)2(x). These wavelet tensor products can be associated with d-ary trees (as opposed to

binary trees), where each internal node has 27 children. The nodes in a d-ary tree satisfy a
hierarchical constraint: ([,k) € 7,0l >1= (I — 1, |k/2]|) € T, where the floor operation is
applied element-wise. This intuition can be gleaned from Figure 8 which organizes tensor
wavelets with [ = 0,1 and d = 2 in a flat 4-ary tree. We assume that fy belongs to a-Holder
functions on [0, 1]¢ for 0 < a < 1 defined as

79) M= 3 £ C0.Y): oo+ sup LE IO <y 8
oy =3l

The multiscale coefficients S_19 = (fo, ¥_10) and

Bk = (fo, Vi) = ol fo(x) U (z) de.

can be verified to satisfy, for some universal constant C' > 0,

(80) |Bu| < C271GFd,
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FIG 8. A plot of tensor Haar wavelets. The top figure plots ¥ (0,0)’ and the bottom figures are
\111(070)/,\1/0 (170)/,\1’0 (071)/,\110(1’1)/ (from left to i’lgl’lt)

Similarly as in Section 2.2, denoting with 7., the collection of internal nodes (/,k) in a
d-ary tree (including the node (—1, 0)), one then obtains a wavelet reconstruction fr g(x) =
Z(l’k) T B Wik (), where coefficients [ can be assigned, for instance, a Gaussian in-
dependent product prior. There are several options for defining the d—dimensional version of
the prior Ilt. Restricting to Galton-Watson type priors, the most direct extension, for each
node (1, k) to be potentially split, either does not split it with probability 1 — ', or splits it
into 2¢ children, leading to a full 2%—ary tree. Another, more flexible option, is to split (I, k)
into a random number of children inbetween 0 and 2¢, where a split in each specific direction
occurs with probability I' ™!, for I a large enough constant.

Assuming that d is fixed as n — oo, the general proving strategy of Theorem 1 can still
be applied to conclude /,—posterior convergence at the rate &,, = (logn/n)®/ 2atd) 1og n
for some § > 0. The proof requires the threshold L. in (45) to be modified as satisfying
2Le < (n/logn)/(2o+d),

The basis we consider here is a tensor product where, within each tree layer, splits occur
along each direction simultaneously. This is not necessarily what Bayesian CART does in
practice. Multivariate Bayesian CART can be more transparently translated using anisotropic
Haar wavelet basis functions which more closely resemble recursive partitioning (as ex-
plained in [28]). Our approach extends more naturally to the tensor product basis, but it
could be in principle applied to other basis functions such as this one.

8. Basic Lemmata.

8.1. Properties of the pinball matrix (14). While A’- A is not proportional to an identity
matrix (for trees other than flat trees), it does have a nested sparse structure which will be
exploited in our analysis.

PROPOSITION 2. Denote with (11, k1) the deepest rightmost internal node in the tree T,
i.e. the node (1, k) € Tins with the highest index 2! + k. Let T~ be a tree obtained from T by
turning (11, k1) into a terminal node. Then

A A+ +vv 0
(81) ’TAT:< s Qhﬂ)

for a vector of zeros 0 € RIT=|=1 and a vector v € RIT=!|=1 obtained from Ar by first
deleting its last column and then transposing the last row of this reduced matrix.
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PROOF. The index (1, k1), by definition, corresponds to the last entry in the vector 3.
We note that T, , = Tins\{(l1,k1)} and T, = Tex\{(l1 + 1,2k1), (L1 + 1,2k + 1)} U

]

{(l1,k1)}. The matrix A7- can be obtained from A7 by deleting the last column of Ay
and then deleting the last row, further denoted with v’. The desired statement (81) is obtained
by noting that the last column of A7 (associated with 3, 1, ) is orthogonal to all the other
columns. This is true because (a) this column has only two nonzero entries that correspond to
the last two siblings {(I; + 1,2k1), (I1 + 1,2k; + 1)}, (b) the last two rows of A differ only
in the sign of the last entry because {(I1 + 1,2k1), (1 + 1,2k + 1)} are siblings and share
the same ancestry with the same weights up to the sign of their immediate parent. Finally, the
entry 211 follows from (13). O

COROLLARY 3.  Under the prior (17), the coefficient By of any internal node (1, k) which
has terminal descendants is independent of all the remaining internal coefficients.

PROOF. Follows directly from Prop. 2 after reordering the nodes. O

The following proposition characterizes the eigenspectrum of A’-A7 which will be ex-
ploited in our proofs.

PROPOSITION 3. The eigenspectrum of A’TAT consists of the diagonal entries of D =
diag(dik,x) = AT A% in (15). Moreover, the diagonal entries diag( A A1) = {di i YikeT,
satisfy d_10,-10 = |Teat| and dygx = Y000, 20 S22 1[By. € [(0,0) > (j,m)ly] with
[(0,0) <> (1, k)] == {(0,0), (1, [k/2"1]),.... (1 = 1, [k/2])}.

PROOF. The first statement follows from (15) and the fact that A%-A7 and A7 A’ have
the same spectrum, and the second statement from (13). ]

8.2. Other lemmata.

LEMMA 4. Assume that a square matrix A is diagonally dominant by rows (i.e., apy >
> jzk lak;j|). Then
1

mink(]akk\ — Zj;ék ‘akj‘) ‘

[A]loo <

PROOF. Theorem 1 in Varah [62]. ]

LEMMA 5. For an invertible matrix M € RP*P and v € RP we have

Muvv' M
-1 ' -1 _
(M +’U’U/gn) —M—m fOrgn>O
PROOF. Follows immediately by direct computation. O

LEMMA 6. Let Cg denote the number of full binary trees with K + 1 leaves. Then

_ 2K ks
CK‘(K+1)!K!”4 /K

PROOF. The number Cy is the Catalan number (see e.g. [59]), which verifies the identity.
The second assertion follows from Stirling’s formula. U
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LEMMA 7. Let Y ~ Nk (w,X) be a Gaussian random vector. Denote with {o;}K | =

diag(X), with fi = max_p; and with 52 = max_o? the maximal mean and variance. Then
1<i<K 1<i<K

1l <1 =2 *2_
(82) E LI%%)%DQ] <+ 1/26%log K 4 2V2r6

PROOF. We start by noting that |Y;| < iz + |Y; — p;|. Next, one can use the formula, valid
for any real p;, ¢ > 0 and real random variables Y7,

K oo
(83 Bl Vi~ e+ 3 | Rvi— > a)da
1=

Assuming the Gaussian distribution, the integral is of order fcoo 2e~%"/20% e
2mo? e~¢"/207 Then (82) follows from (83) by choosing ¢ = /252 log K. O

LEMMA 8 (see, e.g., [26]). For a positive integer d, let i, i1, p1o € R? and let ¥, %1, 3
be positive definite d x d matrices. Then the exist universal constants C1,Co > 0 such that,
for TV the total variation distance,

TV (N (1, 1), N (1, %2)) < C1|Z7 82 — Il

g1 — pa|?
N ’ , , < )
TV (N (p11,2), N (p2, %)) < Co \/(Ml — p2)" (1 — p2)

where || - | denotes the Frobenius norm.

PROOF. The first inequality follows from Theorem 1.1 in [26] and the second by Theorem
1.2 in [26] (by setting > = 3i; = X5 in their statement). O

9. Non-dyadic Bayesian CART: properties and examples.
9.1. Basic properties and examples.

LEMMA 9. For a set A of admissible nodes (1, k) as above, let us define 5;,3; = (f, zpl@,
where d)ﬁ; is the unbalanced Haar wavelet in (39) and where f € H$; was defined in (24).
Then

(84) BRI < M2V max{| Ly, | Ry} /2.

PROOF. Let us denote by C =1/+/|Ly|~1 + |Rix| 1. We have

Bl _ |~ flz) f(z) H
1P ‘C{ Lu \le\d /le |le\dx

C [k
<Ll
| Lik| Jo

Next, from «-Holder continuity (24), we have

'f(x +hg) — f (bm +z ’]L%lk‘|>

Since C' < 272 max{| L/, | Rix|}'/? we have

8| < MC max{| Ly, | Rix|}* < M2 2 max{| Ly, | Ry, | }* T2

| Li|

f(l‘+llk)f<blk+$| lk')‘dﬂﬂ

a

| R
< M||L
B " lka(!Ll\
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FIG 9. Diagram of unbalanced (right) Haar wavelets for [ < 2.

This follows from the fact that for = € (0, | L;|) we have
Rl \|*
|le| +x <
‘ i)

For the classical Haar basis (3), one obtains (23) from (84) by noting max{|L|, |Rix|} =
2~(+1)_ [32] points out that the computational complexity of the discrete UH transform
could be unnecessarily large and imposes the balancing requirement max {| L/, |Rix|} <
E(|Lig| + |Rix|) Y(I,k) € A, for some 1/2 < E < 1. In order to control the combinatorial
complexity of the basis system, we also require that the UH wavelets are not too imbalanced.
To this end, we introduce the notion of weakly balanced wavelets in Section 4.1. A graphical

depiction of the unbalanced Haar wavelets for certain non-dyadic choices of split points by
are in Figure 9.

Smax{\le\,]le\}a. O

EXAMPLE 3. 7o glean insights into the balancing condition (40), we first consider an
example of UH system which is not weakly balanced for some given n, D, say n = 2* and
D = 2. If we choose boo =1/2, bjg =1/2 — 1/n and by; = 3/4, we have

Lio=(0,1/2—1/n], Rig=(1/2—-1/n,1/2],
L = (1/2,3/4], Ri1 = (3/4,1].

While the node (1,1) is seen to satisfy (40) with E =5, we note that max{|Lio|,|Ri0|} =
(n —2)/(2n) = 7/16. However; 7/16 cannot be written as Myo/2P+! = M /8 for any in-
teger M. This is why the split points byg, b1g and b1, do not belong to any weakly balanced
UH wavelet system with balancing constant D = 2. Weakly balanced systems can be built by
choosing splits in such a way that the “granularity” does not increase too rapidly throughout
the branching process. With granularity R(l, \I/ﬁ ) of the 1" layer we mean the smallest inte-
ger R > 1 such that ming< o min{| Ly, | Rix|} = j /2% for some j € {1,2,...,2871}. For
instance, setting D = 2 and E = 3 one can build weakly balanced wavelets by first picking
boo from values {%, %,% f, e.g. boo = 3/4 (ie. R(O,\I/ff) = 2), the next split byg can be
selected from {%, 2,3}, while byy has to be set as 7/8.
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Our theoretical development relies in part on combinatorial properties of weakly balanced
UH systems and on the speed of decay of the multiscale functionals B£ = (f, wl@ as the
layer index [ € N increases. These two fundamental properties are encapsulated in Lemma
11 which is vital to the proof of Theorem 6.

9.2. Granularity lemma.

LEMMA 10. Denote with \IIE a weakly balanced UH system according to Definition 5.

Then for any (1, k)€ A,
. my
min{| L, |Rix|} = oD for some my, € {1,...,C+1}.

PROOF. We prove the statement by induction. First, from the definition of weak balanced-
ness, we have min{|Loo|, | Roo|} = 1 — Moo/2P = j /2P (for j = 2P — Myg) and by defini-
tion this is less than Myy/ b < / 2D 5o 7 < C. Assume now that the statement holds for
[ —1 >0 and consider a node (I, k)€ A for some 0 < k < 2!. The union Ly, U Ry, is either
Ly_1|ky2) or Bi_1|k/2); without loss of generality, suppose it is ;_1 /|- Then, from weak
balancedness, we find

(85) min{|Lyg|, | Rikl} = [Ri—1 (xy2)| — M /2.

If [Ry_1k/2)] < |Li—1|k/2)], we use induction to find [R;_i /2| = 41/2714P for some
g1 € {1,...,C +1— 1} and thereby (85) equals j /2" for j = 2j; — M. As this is at
most M, /24P = max{|L;|, |Rix|}, one deduces M, > j; and then j/2!7P < j, /2P
with j1 <C+1—-1<C+ LI [R_y g2yl > [Li—1 k2|, we again use weak balanced-
ness to write (85) as j/2T0 with j = 2M;_y o) — My < My, using again M;;, /270 =
max{|L|, | Rk}, so that j is again less than C' + [. The result follows by induction. O

9.3. Complexity lemma.

LEMMA 11. Consider a weakly balanced UH wavelet system W5 = {UE5 . (1, k) € A}
according to (40) and let f € HS;. Then the following conditions hold for § = 3, with con-
stants independent of B: for any (1,k) € A

(B1) the basis function wlBl; can be expressed as a linear combination of at most Col® Haar
functions 1. for j <1+ D and some Co > 0, and
(B2) there exists C1 > 0 (depending only on E, D from (40)) such that \6{,’;\ < Oy M19/29-Wa+1/2),

PROOF. First, the function ¢} belongs to Vect{I;,, .. : 0 < m < 2P} and the support
of 1/112 spans at most 2(E 4 [) of the indicators I, .. These indicators can be expressed
in terms of at most [ + D of 1);;,’s (one per level above [ + D), which yields an upper bound
2(E+1)(I1+ D) =< I? and thereby (B1) with § = 2. Second, the balancing condition (40) gives
max{|L;|, | Rix|} < (E +1)27"=" which, combined with Lemma 9 implies

|BZB’;| S M2Oc—1(E+l)oc+1/22—(l+D)(oz+1/2) S OlMl3/22_l(a+1/2),

by taking the worst case « = 1, which proves (B2) with § = 3. O
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9.4. The quantile example.

LEMMA 12. The quantile system \I']j Jfrom Example 2 is weakly balanced in the sense of
Definition 5 for balancing constants satisfying E =2+ 3C,2P~1, where ||1/g|ls < C, and
lgllos <2P71/(2E).

PROOF. Let us start by writing explicitly the intervals L, Rj;. Assuming without loss of
generality that & is odd, i.e. ([, k) is the right child node,

|Likl = bik, — bg_vy 2y = G- plRk+1)/27 =G pl2[k/2) +1)/21,
|Rie) = bu—oyia) —bie=Gp' L pl2lk/4]+1)/27 =G pl(2k+1) /21,

We first show by contradiction that max{|Ly|, |Ri|} > E/2+P for E > 1. Let us denote
y1=G7(2k +1)/21, yo = G7[(2[k/2] +1)/2'] and y3 = G~[(2[k/4] +1)/2"71].
Assuming |L;z| < E/2!*P, one obtains

[2Fmes TPy | — [2Bmes TPy | < pRLmes—l,

and thereby 1, — 1o < E27!=P+1 Next, using the fact that % is odd,

v = |2k 1)/27 — (2Lh/2) 4 1)/2!

=|G(y1) — Gy2)| < llglloclyr — y2| < llgllw2E277P,

which yields a contradiction when ||g|ls < 2P71/(2E). Similarly, when |Ry,| < E/2+P,
one obtains

125 < |(2k + 1) /25 — (2] k/4) + 1) /287
=G(y3) — G(1)| < llglloolys — v1] < llgllcc2E 327177,
Next, we note that for [|1/g]|ec < Cy and E := (2+3C¢2P71),

Lunas+D LyastD
|Bukl = 5155 [[25met Py | — [28mest Py ]

< 2 1
= 3Lt Tt g 2

Similarly, one obtains |L;,| < F/2+P, which concludes that the quantile system is weakly
balanced. O

10. Remaining proofs for Section 3.

10.1. Proof of Theorem 1: remaining settings. In this section, we provide the proof of
Theorem 1 under more general prior settings. We consider different tree priors IIp(7") from
Section 2.1 (i.e. the conditionally uniform prior in (5) and the exponential-type prior men-
tioned in Extension 2). In addition, we consider the prior

(86) m(B7) ~N(0,27)

with X7 = gn(A’TAT)_1 (the g-prior) as well as more general covariance structures 3.7 that
satisfy

87 Amin(27) 2 1/y/logn  and  Apee(X7) Sn®  for some a > 0.

First, we show that Lemma 1 holds under this setting.
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10.1.1. Proof of Lemma 1 (general setting). Recall the ratio (48) from Section 6.1

Wx(T)  Tg(T) /[T +nSp-| ¥ Xrnl+3:)" Xr/2
Wx(T-) ~ Op(T-) /[T + nop| ¢ X5 (I+51) X /2°

The g-prior. We first focus on bounding this ratio assuming 7 = g, (A’TAT)*l. Propo-
sition 2 implies

(88)

(89) nlx + 557" ("IK—“LE?-*;””' 0 )
K T = )

/ 21+l
where the vector v € R!7=t|~1 (defined in Proposition 2) is obtained from A by first deleting
its last column and then transposing the last row of this reduced matrix. Using the determinant
formula |A + uu'| = |A|(1 +u/ A~ u) for A invertible (see Lemma 1.1 in [27]), and setting
M= (nlkx_1+ 27*-1,)_1, one gets

Inlg_1+571 1 1

90 = < .
O A= 2 g 1+ oM ] (0T 241 g)

S| |ARAp| 2
7] [A A gn T n

Using again the determinant formula and Proposition 2, we can write
2[1 +1
(140 (A Ar-) o) < =— (1 + 211> :

The inequality above uses two facts. First, we have ||[v||3 =1+ 251:_01 2! = 21+ which follows
from the definition of v which describes its entries as amplitudes of the Haar wavelets in the
ancestry of the deepest rightmost internal node (I, k1) (using the notation from Lemma 1).
Second, from Proposition 3 we have Apaq [(A%— A7-) "' = 1/Amin(A— A7-) < 1. Indeed,
Proposition 3 (combined with (15)) shows that the smallest eigenvalue of A/TAT equals 2d
where d is the depth of the most shallow leaf node in 7¢,;. Let us now set

(91) D:=X7nI+S) ' Xy - X (nl +57) 7 X

Combining with (89), it follows from a variant of the Sherman—Morrison’s matrix inversion
formula (Lemma 5) that

(nIx + 5771 = (M ~ prtvits Ol . ) ,
0’ 1/(n+24%1/gy)
from which one deduces that
(92) _ Niw Xy MowMXp Xy,
n+ 20+ /g, gn +v'Mv n+2h+l/g,

Since for {1 > L. we have 2Xl21k1 < 5logn/n, we can write

Wx(T) Tn(T7) _ [ 2brison) e o f2een )
Wx (T_) HT(T) dn (n + 2l1+1/gn) ngn

For g, = n, and for 7 € Ty, so that 2/t < 29, the last display is bounded by a constant
times n~1/42%p,, and the argument can be completed in similar vein as before, with now
H[d(T) > Lc| X] = o0p(1) if T > 2¢°.

General Covariance Y. We now show how the proof can be modified by assuming a
general covariance matrix 7 on the internal wavelet coefficients. Recall again the ratio (48)
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from Section 6.1. We use the Cauchy’s interlace theorem for eigenvalues of Hermitian ma-
trices which states that the eigenvalues of a principal submatrix are interlaced within eigen-
values of the original matrix (Theorem 8.1.7 of [39]). Since ¥7- isa (K —1) x (K — 1)
dimensional submatrix of a (K x K) dimensional matrix ¥, we have (denoting with \;(X)
the [*" largest eigenvalue of ¥)

MET)ZME7-) > X(B7) > 2 Ak 1 (E7) 2 Ak -1(B7-) > Ak (B7)
and thereby

LS| LS +ahEr)] 1
I+n¥7  TIE L +anE)] ~ L nAnn(ET)

Using the matrix inversion formula (I + B)~! =1 — (I + B~!)~! (a variant of Sherman-
Morrison-Woodbury formula), we get

(I +3S) P ==[I—(I+nZy)""]

S|

and thereby
1 1
X (nl + 37 X7 = || X7ll3 = — X7 (I +nS7) " X7

Writing X7 = (X 7-, X)), where (I1, k1) it the deepest rightmost internal node in 7 (as
in Section 6.1), and using the definition of D in (91), we have

2

D:@_l
n n

< Xk, 1 L
n 1+ nAmaz (27)

) ||XT||%< L)
n 1+ n)\mm(ETf) 1+ n)\max(ZT)
This inequality follows from the fact that

(X5 +nS7) ' X7 — X (I +nS7-) ' X7

| X 73+ X2,
X’ 7 > _1X > 1 X 2)\ . T ) -1 — 1R
T4+ nS7) T Ky 2 X3 Amanl (1 +nEr) ™ = T

It follows from the proof of Lemma 1 that X2, <logn/nand || X7 |3 < C (as was shown
in (94)). Moreover, from our assumption (86) we have \y,in (X7-) > 1/y/logn and thereby

Wx(T) _ [logn Un(T) _ [nXiy = nliXr |3
WX(Tf) n H’E(Ti) 2 2(1 —|—n)\m,m(27’—))
HT (T) ng logn‘
Iy (7‘7)
Proceeding as in the proof of Lemma 1, one can show (46) for a suitably large I" > 0.
Other Tree Priors Il (7). The only modification needed to carry over the proof to the other
two priors is the bound for the ratio Ilt(7)/IIt(7 ~). Consider the conditionally uniform

prior from Section 2.1.1 defined in (5). Denoting K = |7c;¢| and Cg the number of full
binary trees with K + 1 leaves, we have

Up(7T) _ 7w(K) Cra
H']I‘(T_> F(K — 1) CK_Q’
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and Lemma 6 now implies, for a universal constant C' > 0,

Op(T) _ A 4AE-Y(K —2)%2
(7 -) S KAK2({K — 1}V 1)3/2 < OMK.

Choosing A = 1/n° for some ¢ > 7/4, it follows that

L
H[d(T) > Ec | X] < 4)\713/4 Z 2d/K < 4)\n3/42L 0.
d=L.+1
Finally, for the exponential-type prior mentioned in Extension 2), one has IIr(7) /Il (7 ) =

1/n¢, so one can argue similarly.

10.1.2. Proof of Lemma 2 (general setting). We recall the ratio

Wx(T)  Ix(T) f[Nx(T(j_l))
Wx(T+)  In(TF) 4 Nx(TO)

(93)
j=

in (53) and find an upper bound assuming different priors.

The g-prior. We now modify the proof of Lemma 2 for the g-prior obtained with
Y7 = gn(AA7) . Denoting with K; = 17.Y)| and because 70U~ is obtained from 70
by removing two children nodes (or, equivalently, an internal node X ), we can apply

Proposition 2 to obtain the following upper bound for Nx (7U~1)/Nx (7). Namely,
going back to (91) and (92), we invoke again the matrix determinant lemma |A + uu/| =
|A|(1 4 uw'A~1u) and the matrix inversion lemma (Lemma 5) as in (90) to obtain

Nx(TUD) _ [(gan+2:+1)(ga + v/ M)
Nx(TW) — 95

2 y2
Cexpd n* Xip +n2Xﬁr(j_1>M'uv’MXTufn 7
2(n+ 2Lt /g,) 2(gn +v' M)
where M = (nlg, , + 27_.(1].,1))_1 for v € RI7Y""I which depends on 7U~1) according to
Proposition 2. Next, for C' > 0 a large enough constant and [;_; the depth of the deepest
internal node in 7U—1),

lj—12t—1 li—1 l
2
04 [XroolB<X20+)> > Xp<Cl1+) (221a+nlogn> <Cy.
1=0 k=0 =0

Moreover, using the fact that v’ M Mv = v’ MY2MY2Mv < \pae(M)v' Mo we obtain
X!y Mo MX -0 < | XY™ 3N pae (Mov' M) < | X5V 3tr(Mov' M)
< |XY V130 MM < | XYV 3 Aman (M) Mo,

and
1 1
< —_
n+ /\mz‘n(ATu—l)’ATu—l))/gn n

)\maX<M) =

)
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one can write
o Xy My MX 760 0| X76-0 |3 Amaz(M) < 1 Cy|0||3A2,0: (M)
2(gn + v/ M) 200/ (W Mv)+2 20
2L
20

< (4

where we used the fact that ||v||2 = 2% (as explained previously in Section 10.1.1). Finally,
because X l2 k. 2 C5 A2 log2 n/n for some C5 > 0 we use the above bounds in the expression
(93) to obtain

s

H Nx(TVU=) (n(gn +2) ) st exp O, N nCsA?log?n

Ly o " 2 g An 201 g,)
1)2l—1
< exp {(s + 1) log(3n) + C4<S+g) — C5A?log? n/2} .

With g,, = n, the exponent is dominated by the last term. One then proceeds with (53) as
before in the proof of Lemma 2.

General Covariance . We again deploy the interlacing eigenvalue theorem in the ex-

Nx (T('j_l

pression (53) to obtain the following upper bound for W (using matrix determinant

and inversion lemmata as before)

7’LX2FA TL)\Z] an_12
\/1+n)\maX(ET(j))eXp{— Lik; mzn( T()) H T )”2 .

2 14+ n\nin(E7e) 21+ nAnin(E76))

Using the expression (53) and assumptions A,z (X7) < n® for some a > 1 and \pin (X7 ) >
1/+/logn, we obtain for Co,C3 > 0

I/IVZ(X(Q) < IET((;% exp {C’g(s +1)y/logn — C3A* logzn} .

Using this bound, one can proceed as in the proof of Lemma 2 and show (118).

Other Tree Priors Ilp(7). As before, the only modification needed is the bound for
Or(7) /(7). Denote by K = |T.5,| and K = |Tzy| and note that K+ — K =I5 — .
For the conditionally uniform prior from Section 2.1.1 we then have

Tn(T) ot Ko (N7 ()
Ip(TH) KICx_, 4 I
A _(lg—lo)
< <> ols—lo){1+log[K+(l:—lo)]}
~\4

With A = n~¢ and K < 2f<*t1 this is bounded from above by CeC o8’ for some C >
0 and the proof is completed as before. For the exponential-type prior, one similarly uses
Ty (T)/H’]T(T+) _ ec(lsflo)logn < ecloan.

10.1.3. Proof of Lemma 3 (general setting). We now show the proof of Lemma 3 for
the g-prior with 37 = gn(A’TAT)*1 and a general covariance matrix under the assumptions
(87). Recall expressions (58) and (59) in Section 6.3 and the fact that (I + B) ™! =1 — (I +
B~Y)~! which yields n37 — Irc = —(Ix +nX7) " for S7 = (nlx +7")~" (recalling that
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K = |Teat| < n). Focusing on the g-prior, we have )\maa}(i’T) < 1/n and (using Proposition
3 which yields Apaz (AAT) < 2¢ < n where d is the depth of the deepest node)
Amaz (I +nE7) ™" < Aaw (AT AT)/(ngn) < 1/gn-
Assuming g, = n we can thus write

HﬁOTHoo\/F < C\/EAmax(ALrAT)
+ nApmin(27) ~ n gn

©95) |37 — 1) BTl < | N
Next, we note that i}l is strictly diagonally dominant. Indeed, with g,, = n we have 57_-1 =
nlg + QLA/TAT and

K
\/;)\maz< ,TAT) < \/ﬁ,

n

1
— || A7 Arlloo <
n

where || Al|s = max i1 laij| is defined as the maximum absolute row sum of an (m x n)
<m

matrix A. Writing AirAT = (al-j)fj’K, it then follows from Lemma 4 (Theorem 1 in [62]) that

1
—— ,  where Aj=|ag|— Z |akjl-
n+ o  Doin, JAV Ak

Since Ag/gn > _Q%HA,TATHOO > —4/n and using the fact that ||e||oc < v/logn on the

event A, we obtain

~ ~ logn
©7) ValErerlle < VAl rllcllerlle $ /=2

The sum of the remaining two terms in (58) can be bounded by a multiple of \/logn/n by
noting that 52 < ||X7|c < 1/n. The statement (57) then follows from (58).

(96) 157 ]|oo <

For the general covariance matrix Y7 we find (similarly as in (95)) that when A5, (37) >

1/y/Togn we have ||(nS7 — It)B% oo < C\/logn/n. Next, because
127 oo € VE Amaz(E7Y) < v/Klogn < y/nlogn

the matrix 57- = (nlx + E}l)_l is diagonally dominant and thereby (using Lemma 4)

1

Sl < —
17 oo < n+ min A
1<k<K

where Ak = |O'kk| - Z |Ukj|

J#k
and where 2}1 = (ajk)]l.(;f:{l. Since A > —y/nlogn for all k =1,..., K, the inequalities
(97) and (57) hold.

10.1.4. End of proof of Theorem 1 (general setting). The rest of the proof can now be
completed using similar arguments as in Section 6.4.

10.2. Smooth wavelets. The strategy of the proof of Theorem 1 can be directly applied
for an S-regular wavelet basis. Similar to [18], Section 2, one updates the index set [ >
0,0 < k < 2! for the Haar basis in the definition of the ball (23) as follows: the index sets
becomes [ > Jy — 1,k =0,.. .,2l — 1, for Jy = Jy(S) large enough, and one denotes the
usual “scaling function” ( as the first wavelet 1z, _1)o- The proof is then the same (up to a
multicative constant depending on the chosen basis) as in the Haar basis case, up to replacing
the ‘localisation’ identity || >, [%ik|locc = 2!/2 in the Haar basis case by the ‘localisation’

inequality || 3°, [¥ik||loo < C2!/2, with C' depending on the chosen basis only.



46

10.3. Proof of Theorem 2: exact rate.

PROOF. Define a sequence
I*— {logQ [M1/(a+1/2) (n/ log? n)l/(2a+1)ﬂ ’

so that 21" < (n/log? n)/(22+1) Define the sequence of functions f§ (below we write sim-
ply fo for simplicity) by its sequence of wavelet coefficients as follows: set all coefficients
35, to 0 except for 37, = M2~L"(1/2+2) By definition, f; belongs to #(c, M). Let us also
note that if (L*,0) does not belong to the tree 7, one can bound from below

OO(fT,ﬁafO) > 2L*/2’,BL*0| = M27L*a > Clgn,

So, to prove the result, it is enough to show that II[(L*,0) ¢ Tin: | X] — 1, i.e. the node
(L*,0) does not belong to a tree sampled from the posterior with probability going to 1,
or equivalently, if T .o denotes the set of all full binary trees (of depth at most L, ) that
contain (L*,0) as an internal node, that I1[T - | X] = op(1). To prove this, let us consider a
given tree 7 € Tr+o. As it contains the node (L*, 0), it must also contain all nodes (A, 0) with
0 < A < L*, in particular (L1,0), where Ly = [L*/2], say. We note that L* < L* — [; <
logn. Let 7* be the maximal subtree of 7 that has (L1,0) as its root. Next, let 7-* denote the
remainder tree built from 7 by erasing all of 7* except for the node (L1,0) (so that 7_* still
has a full-binary tree structure). So, 7* and 7* have only the node (L1,0) in common, and
the union of their nodes gives the original tree 7. Let us now write

e Wx(T)  Srer,., weds Wx(T)
SrerWx(T) > rer Wx(T)

Let ¢ = g(7*) denote the number of internal nodes 7;;,, of the subtree 7*. From the Galton-
Watson prior we obtain

(98) T* = Il » II G-p)y
- (Lk)err,, (Lk)eTr.

Then, by definition of 7 and 7%,
Wx(T)  Hx(T) H exp{(n+1) X} /2}

<2HFZ

1=pL, (Lk)eTs,,

Wx(T2)  O2(T2) | S vn+1
(99) <2n+1)""? ] T 'exp{(n+1)X}/2}.
(Lk)ETS

We bound the data-dependent part in the previous line by using (a + b)? < 2a? + 2b2.
Furthermore, noting that the noise variables |ej;| are uniformly bounded for [ + 1 <
Limaz,0 < k < 2!, by 2logn on an event of overwhelming probability, we can upper-bound

(n -+ 1) Z(l,k)eﬂ*nt Xlzk/2 by

1
0 2 i
(n+1) . k§)ej [(%0) lew=eo+ 3 max
TLTLf

1 1 1
< (n+1)(82-0)* + 27" (logn)g < " log?n + 2"~ (log n)q.
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Now, using that for (I,k) €
notes that

M2"> =: ¢(a, M,n), one

logn

we have [ > L, > ﬁlogg (

znt ’

I
Z [ > max (c(a, M,n)q, Z l) > c(a, M,n) max <q, gc(a, M, n)) ,

(Lk)er;, =L

int

which is bounded from below by c(c«, M, n)q, where we have used that ¢ > L* — L; +1 >
L1 > c(o, M,n) and Ly + L* > 3c(a, M, n). One then deduces that the product of terms '~
dominates (99), as long as log(T") is large enough (noting also that 1/(2a+1) > 1/(25+1)),
in the control of Wx (T)/Wx (T2). That is, for some constant C' > 0,

Wx(T)

Wx (T%)
where the last bound only depends on the number of internal nodes ¢ of 7*. By coming back
to the above bound on the posterior II[T+( | X], let us split the sum on the numerator as

follows. Let T ., denote the set of trees 7 = 7* U 7* in T+ such that |7};,| = ¢. Then
[T+ | X] is bounded by

Z ZTeTg bW ( T* Z Y rere dgbgWx (Th)
ZTGT WX Z”l‘leil‘j" Wx (7-1> ’

q>1

< exp{~C(logn)q} =: by,

where T*? denotes the set of all possible 7* that can be obtained from 7~ € T9 ., and where
a4 denotes the number of different possible trees 7* such that |7;},| = ¢. To obtain the last
bound, we also used that each 7 € T+ is uniquely caracterised by a pair (7-*,7"), so that
the sum over 7 can be rewritten as a double sum over 7* and 7*. One deduces that, as ¢
cannot be larger than 2%,

<Zaq

As ay is less (because of the restriction |7| < L) or equal to the number of full binary
trees with ¢ internal nodes, i.e. with 2¢ + 1 nodes in total, we have a, < Cqy, which is
bounded from above by 427 by Lemma 6. We conclude that I X is bounded above by
exp(—C log? n) for some C' > 0, on an event of overwhelming probability, which concludes
the proof for the Galton-Watson prior. Similarly, for the exponential prior, we replace (98)
directly with

r[T] o e~ Teat| =T i ]) logn _ e*quOgn’
p 7]

where we used the fact that |Tept| — [T 0| = |70 — 1 = |75
uniform prior, we have for A = 1/n° for some ¢ > 0

| = ¢. For the conditionally

Tint

H'ﬂ‘[ﬂ _ (‘%ItD C‘T ntl <)\q —qlog|Text] <e—cq10gn
e[77] ~ 7(Tul) iy ™

and the end of the proof is then the same as for the GW prior. U
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10.4. Proof of Theorem 3: confidence bands. In the proof, we repeatedly use the proper-
ties of the median tree 7 established in Lemma 14. We denote by £ the event from Lemma
14. We first show the diameter statement (72). The depth of the median tree estimator fT
verifies condition (i) of Lemma 14 on the event £. For any f, g € C,,, by definition of C,,, we
have, for C' (1)) a constant depending on the wavelet basis only, on the event &,

1 = glloo <IIF = Frlloo + 1 Fr = glloo

Lima 201
max logn
<2 sup Z'Un Z (Lk)eTz | Yik(@)]
z€[0,1]
< 20,0 /logn Z ol/2 <C'v, /logn
1:20<Cy 25

We now turn to the confidence statement. First, one shows that the median estimator
(30) is (nearly) rate optimal. Denote with fr.; = (fr,vu) and let S = {(1,k) : |B}| >
Alogn/+/n}. Let us consider the event

(100) Bn={frun#0,V(,k) €S} N {fru =0, V(I,k): 20 > C1 25} N A,

where the noise-event A is defined in (44). Lemma 14 together with Py, (A) = 14 0(1) imply
that Py, (B,) =1+ o(1). On the event B,,, we have

Ifr = folow < Y 21/2max< max Xk — Bigls  max ﬂﬁzok})

Lot ST 0 0<k<2: (L,k 0<k<2: (1,k)¢S
. =~ 1 c

+ D, 27 max |Gy

Lol SO ae 0<k<2!
llogn . logn -
2£ /2 22 min [ max |8%], A g—aLe
0<k<d! |6lk|7 \/ﬁ + )

l: 2’<Cl2£c

where we have used the definition of S, that fT equals 0 or Xy, that f belongs to H(«, M)
and max(a,b) < a + b (note also that the term with the minimum in the last display is an
upper bound of the maximum over (/, k) ¢ S on the first line of the display). This shows that
the median tree estimator is rate-optimal up to a logarithmic factor, in probability under P, .
In particular, on B,,, we have for some C' > 0

(101) 17 = folloe < C(log?n/n)*/et1),

where we used the inequality in (63) in the case of smooth wavelets. Second, we now
show that o, is appropriately large. By the proof of Proposition 3 of [42], we have for
fo € Hss(a, M, e), for I,, > jo suitable sequence chosen later

sup |8 > C(M, 1, o, )2 n(@F1/2),
(1,k): 121,

for some constant C'(M, 1, «, €) depending on «, M, the wavelet basis and ¢ (as in (2.12) of
[42]). Let A, («) be defined by, for > 0 to be chosen below,

(102) n(n/ log? n)l/(2a+1) < 9ha(0) < 2(n/ log? n)l/(2a+1)

Combining the previous two displays leads to, for fy € Hgs(a, M, e),

__1/,0logn
sup B > C(M, b, a,e)n P —==.
(L,k): len(a)| ! ( ) N4
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By taking 7 small enough, one obtains that there exists (A, x) with A > A, («) verifying
85| > Alogn/y/n and thus, in turn, fr . # 0, by the second part of Lemma 14. One
deduces that the term ([, k) = (A, k) in the sum defining o,, is nonzero on the event B, so
that

logn logn

O > Unc(t)) [¥axlloo > vnc(tp)y ] ——28 /2,
n n
This leads, on the event B,,, to
loo? a/(2a+1)
(103) on/ ( o8 ”) > 'vn (logn) "2,
n

The ratio in the last display goes to infinity for v,, of larger order than logl/ 2. Now, on the
event B,,, one can thus write || fr — follco < 0,,/2 for large enough n, uniformly over fy €

Hss(a, M,e), implying that B, C {||fr — follcc < on}. This implies the desired coverage
property, since Py, (fo € Cn) > Py, (Bn) =1+ o0(1).

For the credibility statement, we note that the posterior distribution (from Theorem 1) and
the median estimator fT (from (101)) converge at a rate strictly faster than o, on the event
B, using again the lower bound on o, in (103). In particular, because B,, C {||J?T — folloo <

on/2}, one can write -

N[ f = Frlloe < on| X] 2T f = folloo < on/2| XI5, +0p, (1).
The right side converges to 1 in Py, -probability, which concludes the proof of the theorem.

LEMMA 13.  The set of nodes T in (29) Py, -almost surely defines a binary tree.

PROOF. Let us recall that T is the set of all admissible trees that can be obtained by
sampling from the prior It and with depth at most L, . For any given node (I1, k1) with
0 <y < Lyae, One can write

(I, k) € TIX] =Y Hp[Ti | X] x T[(ly, k1) € Ti | X, T =Ti]

TL€T

= ) I[Ti|X]).

Ti€T: (I1,k1)ETL

Let (I — 1,k; ) denote the parent node of (I1,k;) in 71, where k; = |k1/2]. Any (full-
)binary tree that contains (I1, k1) must also contain ({1 — 1, k] ), so that, using the formula in
the last display, IT[(l;, k1) € T| X] <I[(l; — 1,k; ) € T'| X]. This implies, by definition of

., that if a given node ([, k1) belongs to 7, so does the node (I; — 1,k; ). Therefore 7y
is a tree. U

LEMMA 14. Consider a prior distribution 11 as in Theorem 1. There exists an event £
such that Py, [E] = 14 0(1) on which the tree T defined in (29) has the following properties:
there exists a constant C1 > 0 such that

(i) the depth of the tree satisfies 2%7%) < 0125 < (n/logn)®/?**V), where L. is as in
(45),

(ii) the tree contains as interior nodes all nodes (1, k) that satisfy |37,| > Alogn//n, for
some A > Q.
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PROOF. We focus on the GW-prior, the proof for the other two priors II being similar. Let
T, respectively T(?), denote the set of binary trees that satisfy condition (i), respectively
(ii), in the statement of the lemma. By the proof of Theorem 1, IT[T(M) | X] and TI[T?) | X]
both tend to 1 in probability under Py,, hence also IT[T™) N T(2) | X]. In fact, it also follows
from the proof of Theorem 1 that, for T(}), we also have the stronger estimate II[d(7") >
d| X] < 274l for some ¢; > 0 under the GW process prior, uniformly over L. < d <
Lz, 0n an event A of Py, -probability going to 1. The latter probability is 0(27%) provided T
is chosen large enough, which will be used below. Defining £ = {II[T(M) N T() | X] > 3/4},
we have P[] — 1 as n — oo. For any node ([, k2) such that |Blo2k2\ > Clogn/+/n, we
have

[(l2, k2) € Tine | X] = > (72| X] > T[T | X7,
T2€T: (I2,k2)ET2int

where we used that any tree in T must, by definition, contain (l2, ko). As H[’]I‘(Q) | X] >
3/4 >1/2, we deduce that (I3, k2) belongs to T on the event €. In other words, 75 verifies
the second property (ii) of the lemma on £. To conclude the proof of the lemma, one observes
that on &, for a given node (I3, k3) with 2/s > 7 2%¢,

[(I3, k3) € Tine | X) <T[d(T) > 13| X],

Recall that M[d(T) > I3| X] < 0218l on A (which holds uniformly over I3 €
[Lc¢, Limaz])- Then, on the event A, we can write

Pr{T% ¢ TN A < Py [{3 (I, ks) = 20 > C125, (I3, k) € TR N A]

Lax 23 —1

< > Py [{T[(s, ) € Ton | X] > 1/2} N A]

l3: 213 >C12%¢ k3=0

L’"L(l(t
< Y 2T AT > Iy | X]La] = o(1).
l31 23 >Cl 2Lc

Using that Py, [A] goes to 1, one obtains Py, [T5 ¢ T(}] = o(1), which concludes the proof.
O

10.5. Proof of Theorem 4: smooth functionals. For the second point, it suffices to com-

bine Theorem 9 with the choice w; = I? (which satisfies the condition wj,(n) %, logn given

the assumption jo(n) =< y/logn) and Theorem 4 in [18] (the condition Zl w12_l/ 2 holds),
from which one indeed obtains

feoay (LWAFC) = [ ax® | x).£6)) -0
in Py -probability, where (G(t) : t € [0,1]) is a Brownian motion.

For the first point, we argue as in the paragraph preceding the statement of Theorem 4
in [18]: proceeding as in the proof of that Theorem, one notes that for a BvM to hold for
the functional ¥, (f) = fol f(uw)b(u)du, it suffices that, for some sequence (¢;) of positive
numbers, both > cjw; < oo and Y, |(b,¥u)| < ¢; hold. With the choice w; = [2, this gives
the condition of the present theorem and concludes the proof.

We note that other choices of jy(n) are possible, providing w; is chosen appropriately:
indeed wj, () 2 logn is enough for Theorem 9 to hold. Then the BvM result for the linear
functional ¢, holds whenever ) _ c;w; < oo and ) . |(b,¥y)| < ¢; hold, and for the functional
BVM for F(-), it suffices that > 27/2w; < oc. O
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10.6. Proof of Theorem 5: lower bound for flat trees.

PROOF. Denote with Tg the flat tree of depth D + 1 (i.e. all §;;’s for [ < D are active).
The formula (22) gives

n2 2

2(7{+1> Ik
T[TE | X] o W (TE) = (T S
[TD | ] & X(TD ) T(TD ) ’ k)gF/ \/m

n
ocexp{—logHT(Tg) — 2D10g(n+ 1)+ 2(n+I)HX(D)H%}’

where | XP)|2 =37, DX 2 is the squared L?-norm of the signal, truncated at the level
D. Next, we have

2 1
IXPN3= " B8R+ %elkﬁfw > ﬁgl%w

I<D k I<Dk 1<D.k
2 1
012 0 9
=Ch — § (Bik)” — E —=¢€wy, + E —cih
\/ﬁ n
DI Lo ke D<I< s e 1<D.k

where C,, = C'(n,{ei}, fo) does not depend on D. We can also write

D
ad  IXOP=c - Y @ 22+ o)
n vn n ’
D<I<Lpqaz,k

where we have used > | I<prl= 2P+1 and have set
Z(D)= Y Bhew, QD)= Y (eh—1).
D<I< Loz k I<D.k

Let D* be an integer defined as, for fj to be chosen below,

Liaxw

. n

D* = argmin [2D log(n+1) + 5 Z Z(ﬁlok)2
0sD<n I=D+1 k

Consider the following true signal fy = f; which belongs to # (o, M') with M = 1 (which we

can assume without loss of generality) and which is characterized by the following wavelet

coefficients

0 |271GTO ifk=o0,
0 otherwise.

For such a signal, D* above has the following behavior

1

(106) 2D*x< " >+

logn

With the maximum-type norm /., defined in (60), we use the decomposition ¢ (f, fo) =
Coo(f, [P) + oo (fP, fo), where fP is the L2—projection of fy onto the first D levels of
wavelet coefficients. Moreover, using £ ( fOD fo) = c¢2~Pa for some ¢ > 0, we can write,
for p,, = (logn/n)*/(2e+2)

Mloo(f, fo) < ppn| X] < Mo (fo, f5) < mpn | X]
=M[c2™P* < ppn | X] =TI[2° > (cp™ p, )/ X]
<T[2P > (e ")/ *2P" | X].
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To conclude, it is enough to show that for B = {2 > (cu=1)1/*2P"}, where 1> 0 is a
small enough constant, we have II[B | X] = o(1) or, equivalently, I1[B | X] = o(II[B¢| X])
(possibly on an event of vanishing probability). Rewriting B = {D : D > ¢D*} for ¢ =
c¢(p) > 1 (up to taking v small enough), and using the above expression of TI[7"| X], one
obtains

HB|X]  Losep- oxp {—10gTI(TE) —2Plog(n+1) + 525 | X[ |

B X] "y, exp { ~10g TI(TA) — 2P log(n + 1) + 52 |1 X D3}

<El»dwﬂp{—bgﬂﬂgﬁ—2Dbgn+1) MJHX[W|}
e o 37 1) ]

Since ¢ > 1 we have D > D* + 1 for any D > ¢D* and from the monotonicity assumption
on the prior we obtain log I1(77.) — log II(7p) < 0 on B. In addition, note that 2" — 2P <
—2P /2 on B, which implies

. 1
(2P —2P)log(n+1) < —72D log(n+1).

Going further, using the decomposition of || X (?)|3 in (104) we have for Z = || X P)||3 —
| X (P)||2 the following

Z= Y (B 2P =22 - —(Z(D) - Z(D") + (D) - QDY)
D+*<I<D,k

D+1
<Y G+ 12D+ 2D + QW)+ QD)
D*<I<Lmask

We now provide bounds for the stochastic terms Z and Q). First, for any D > D*, denoting

02 = ZD<Z§L (BY%)?, we have

maw:k

Z(D)|<op ) max  op'|Z(D)]

Lmaz

The variables Z(D)/op are standard normal, which implies that, on some event A; such that
Py, (Af) = o(1), we have, uniformly in D € B,

|Z(D)| <op V 2lOngax-

To bound the term (D), one can use the following standard concentration bound for chi-
square distributions. Namely, for §, standard normal variables and any ¢ > 0, we can write

Q 42
(-1t SeXp{—W}.

q=1

Applying this bound for the noise variables 7, and choosing ¢ = tp := (D2" )1/ 2 Jeads to

I<D,k " o 42Pt +tp) |

For D > D*, one has tp < 2P+ 5o the last display is bounded from above by exp{—C;D}.
Let us consider the event, with ¢t as above,
Loz 211

A= () DD (e —D<tp

D=D+ | I<D k=0
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A union bound gives Py, [A5] < Cexp(—cyD*), which is a o(1) using the previous bound.
Now let us choose y small enough in such a way that Co2”" < 2P /2 for any D in the set B
defined above (this is possible by definition of B) and thereby

n 012 2D
3 Z (Bir)”™ < e log(n +1)
D*<I<Lmaaz,k

for any D in B. This in particular implies that op < (2 log(n+1)/n)'/2. Now, on the event
A1 N Ay, we have
[B| X] 1 2b

—— < exp{ — ~2Plog(n+1) + = log(n + 1) + 2P
(B[ X] D;y 2 1

4200 p\/2108 Limas + (D2D)1/2}

1

< 1 1

< > exp{ 52" log(n+1)
D>cD*

1
+ {ZD + 2\/2D log(n + 1)210g Linaz + (D2P)1/? — §2D log(n + 1)} }

<y exp{ - éQDlog(n—l— 1)} < exp{ — 2P log(n + 1)},

where we have used that the term under brackets in the second inequality is negative for large
enough n, as 2” > 2P" goes to infinity. This shows that the last display goes to 0, which
concludes the proof.

O

11. Proof of Theorem 6: non-dyadic Bayesian CART. As the breakpoints verify the
balancing condition (40), they verify the properties (B1)—(B2) in the complexity Lemma 11
for 9 = 3. The Gaussian white noise model projects onto the Haar system \IJE = {1/)510, 1/1;,3; :
(I,k) € A)} as follows:

(107) Xif =By + ;ﬁsﬁw
where X[} = (X, v5), BYB = (fo,vF) and €& = (W,5). As the functions 1 form an or-
thonormal system, the variables 5% are iid standard Gaussian given B. The observations here
are viewed as the collection of X l’g variables which depend on B. We regard the breakpoints
B as one extra “variable” in the model. Given the breakpoints B, we use the same notation
X ]7Si and 5173 for the ordered responses and noise variables (as in the proof of Theorem 1).
Similarly, B8+ = ﬁ? are the ordered internal wavelet coefficients.

As the priors on breakpoints B and trees 7 are independent, the tree posterior remains
relatively tractable where the amount of signal at each location (I, k) now depends on B,
which requires a separate “uniform in B” treatment.

The Multiscale Posterior Distribution. To determine the posterior distribution on f, it is
enough to consider the posterior on wavelet coefficients (3% ), which then induces a posterior
on f via

(108) T = > BRIR@) =Y BRvR(@).

(LE)ETeat (LR)ET s
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Again, the internal unbalanced Haar wavelet coefficients 37 = (85 : (I,k) € T;,;) are linked
to the external histogram coefficients 3, = (5{2 : (I,k) € Tegt) through BT A3 for

some sparse matrix Ay € R Teat x| Text] (a generalization of (14)). This section describes the
posterior distribution over coefficients () driven by the prior distribution

(B,T) ~ Il ® It
~7(Br) ® ® do(Bik)s

(LR)ET e

(109) (B )i<

where L = Ly, = |logs n|. From the white noise model, we have, given B,

XB=p,+ with e ~N(0,17.,,).

1 B
787
N

The joint density of (B, T, (Bik)i<L,k,X ) arising from the above distributions equals

My (T)s(B)r(Br) | ] ¢ﬁ(X£ — Bux) 11 L Xl% — Bik)Lo(Bix)

(LR)ET e (LR)ET e

=1x(Ns(B) | [[ o K| | 1 ToBw)| e 51855 Prn(ay),

ISLK LR)ETS

Integrating out (/3 ), one obtains the marginal density of (B, 7, X) as

(110) B) [T ¢ (Xi) | Tn(T)NZ(T),

I<L,k
where
/ H nXlkBlk nﬁlk/Qdﬂ-(BT)
(LE)ET, ..

The first bracket in (110) only depends on B and X, from which one deduces that the poste-
rior distribution of 7, given B and X, satisfies

WX (T)
ZTGTL (T)’

Next, the posterior distribution on B, given X, is given by

M[B| X]ocIs(B) [ ¢ Xﬁ){ZW}?(T)}.

<Lk TeT

[T |B,X] = with  WE(T) =T (T)NE(T).

Also, we have
(111) Bue)i<r | Xuhi<ow: T, B ~ 7(Br| X @ Q) o(Bin),
(LR)ET e

where the posterior density on the selected coefficients on 7 is (in slight abuse of notation
writing in the same way the distribution and its density)

e_%”lBTHg—i_nX?/ﬁTﬂ'(ﬁT)
N(T)

(112) (B | XB) =
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Controlling the Noise. Similarly as in the proof of Theorem 1, we will condition on a set
of large probability, where the noise level is relatively small. Denote with B the set of all
breakpoints B that can be obtained by performing steps (a) and (b) in Section 4.1 and that
yield a system \II satisfying conditions (B1)—(B2) from Lemma 11. Recall L = L., =

[logyn| and e5 = fo Y (uw)dW (u), and let § be as in (B2). We define

_ < 146
(113) Ag {%lggle[o e QL_I](EZk) Dy log }

for some Dy > 0. Using assumption (B1), one can express every single wlk for [ < L in
terms of a number Cpl® of Yjm’s for 7 <1+ D, where 1, are the regular Haar wavelet
functions from (3). That is, with X2 the set of such pairs (j,m) and Card(XZ) < Col?, we
have

(J:m)EXT
for some real numbers ijm that satisfy > (jm)eXp (pjj--tfn)2 =1 (since Q/JZB; has a unit L?-norm
and vy,’s are orthonormal in L2[0, 1]). Next, we have

B _ B _
€k = E Dim€jm-

(Fm)exf

This itself implies the following, by the Cauchy-Schwarz inequality,

1/2
< Card(X, <CyPpon
|51k| m%’,i{ ( lk)l ngﬁ kslk} l<r£lf% . |tk |-

)

Using L <logyn and denoting

A= < 2log(2E+P+H L
{le[OL—i—g]l%c)é[OW 1]€lk_ og( )

one obtains the inclusion A C Ag, provided that D; is chosen larger than a univer-
sal constant (in particular it is independent of B). This implies Py, (Af) < Py, (A°) <
co/+/log(2L+D+1) Next, we follow the structure of the proof of Theorem 1.

Posterior Probability of Too Deep Trees. For a given tree T, we again denote with 7 —
the pruned subtree obtained by turning the deepest rightmost internal node (I1,k1) € Tint
into a leaf. Given B € B, we proceed as in the proof of Lemma 1 and evaluate the ratio
WE(T)/WE(T~). When I > L., with L. as in (45), Lemma 11 leads to (B2), that is
|Bffkl| < (logn)%/2,/logn/n for large enough n. Similarly as in (49), we can write for [; >
L. and some Cs > 0 (depending on E, D only), on the set Ap from (113),

(XB,)? < 2 (logn) !+,
n

Under the Galton-Watson process prior from Section 2.1.1 with p; < 1/2 and the independent
prior with X7 = I, this gives for all B€ B and d > L.,

WR(T)

< 9y 1e(Ca/2)(0gm)
WR(T™)



56

from which one deduces that
Loz
(114) Td(T) > £o| B, X] < 4e(C/A00sm™ " §™ gd=1y
d=L.+1

The right side goes to 0 at rate e =€ (187" ** if ¢ o 1, is of the order (1/T)%" " for some large
enough T' > 0. This also holds for a variant of the tree prior 7(7) oc e~ 7exl log"™* 7 and the
conditionally uniform prior from Remark 2 using m(K) ox e K 108" 1 where K = [T,4/.
A statement similar to (114) can also be obtained for the general prior 7(3,) ~ N (0,X7)
where A\in (27) > /1/(logn)!+9.

Posterior Probability of Missing a Significant Node. We show a variant of Lemma 3 as-
suming instead that a signal node (lg, kg) satisfies

A(logn)ts

Vi
for some A > 0 to be chosen below. As before, for a tree 7 € T\ ;1) that does not have a
cutat (I, ks), we denote with 7+ the smallest full binary tree (in terms of number of nodes)
that contains 7 and cuts at (lg, k‘g) Using similar arguments as in the proof of Lemma 3, we

use the fact (XlBk )2 > (Blsks) /2 — (51 ks )2 /n to find that on the event Ag and for A >0
large enough,

(115) Is<Le, 851>

(116) W)?(T) < 1—\l§+é(ls+1)e%D1(ls+l) logt*® nf“% log?t%n < e’ﬁ log“‘s n

WE(T+) ~ -
under the independent Gauss1an prior on 3+ and the Galton-Watson process prior from Sec-
tion 2.1.1 with p; < (1/T)"""". Following the steps in the proof of Lemma 2, one can show

similarly that IT[(ls, ks) & Tint | X, B] — 0 for each B € B sufficiently quickly. More pre-
cisely, if

logn)'*3

117 B(fo; A) = > A(i

where L. is defined in (45), we have, on the event Ap and for A large enough,
(]18) [{7’ SB f07 g’]’} |X] <e (logn)1+5.

uniformly in B € B. This statement can be obtained also for the general prior m(87) ~
N(0,27) with Az (X7) < n® for some a > 1 and for other tree priors from Section 10.1.

Putting Pieces Together. Let us also set
(119) TB={T:d(T)< L., SP(fo; A) T}, EB={frp:TeTP}.
From the two previous subsections one obtains that for some constant C' > 0

H[T¢ TB |X, B] < e—C(logn)l+6

)

for any possible set of breakpoints B € B (that satisfy the balancing conditions). The unifor-
mity in B is essential in the next bounds.
Using the definition of the event Agp from (113), one can bound

H[HfT,ﬁ - fOHoo >En ‘ X] < Pfo [AICB] + Efo {H[HfT,ﬁ - fOHoo >&n ‘ X]HAJB}'
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By decomposing the posterior along B and 7 and using Markov’s inequality one obtains, on
the event Ap,

(|l f7.8 = follee > €| X1 =Y T[B|X] > T[T | X, B[ fr5— folleo >en| X, T, B
B T

<Y UB|XIT ¢ TP X, B+ Y NUB|X] Y WT|B Xl frs— follo>en| X, T, B
B B TeTE

S [T|B, X! / 1frs — folloedllfr 5] X, T, BI.

< e Closm)™ L N TI[B | X]
B TeTs

Let us now turn to bounding || f7- 8 — fo||. First, note that unlike the traditional Haar basis,
the UH basis system is never built up until L = oo because, by construction, we stop splitting
when there are no x; are available (i.e. we do not split nodes that are not admissible). In
result, the very high frequencies are not covered by the system, which might induce some
unwanted bias. This is, however, not an issue with our weakly balanced UH wavelets. The
following Lemma shows that in weakly balanced UH systems, all nodes at levels | < A :=
|logy(n/log®n) | for any ¢ > 0 are admissible.

LEMMA 15. Consider a weakly balanced UH wavelet system \Ilﬁ, where A is the set of
admissible nodes (1, k) in the sense that X 0 (L, 1] # O with X = {z; : 2, =1/n,1 <i <
n}. Let ¢ > 0, then for A = A(c) = |logy(n/log®n) |, we have

AS{(L,k): 1< A}

PROOF. The proof follows from the fact that the granularity of weakly balanced UH
systems is very close to [. In Example 3 we defined the granularity R(I, \Ifﬁ) of the ™
layer as the smallest integer R > 1 such that ming<g<o min{| L/, |Ryx|} = j /2% for some
j€{1,2,...,2f71} From Lemma 10, the granularity of weakly balanced systems \IIE is no
larger than [ + D. This means that for I < A, 0 <k < 2l any ¢ > 0 and n large enough

1 (&
min{| Lyl | R} 2 1/2°P > T35 > 1/n.
This implies that X' N ({j, 7] # 0 for any (I, k) with [ < A, where we used the fact that
(lik, 1] is either Ry_y /o) (for when (1, k) is the right child) or L;_; |19 (for when (I, k)
is the left child). O]

Next, we show that the weakly balanced UH systems are indeed rich enough to approxi-
mate fy well.

LEMMA 16. Consider the weakly balanced UH system \Ilﬁ. Let fé\ denote the L*-
projection of fo € HS; onto Vect{yF : 1 < A} for A = |logy(n/log®n)| with some ¢ > 0.
Then

1fo = fo' oo S 10274 < (log™  n/n)c.

PROOF. The L2—projection is a step function fé\ => 1o, Bm supported on the pieces
Qum € {Lag, Rap : 0 < k < 27} where the jump sizes equal Bm = Q|1 me fo(x)dz.
From the Holder continuity in (24) we have |fo(z) — f3'(z)| < M|Q,|* for x € Q.. From
the definition of weakly balanced UH systems, we have max,, |2, < QCA%% The rest follows
from the definition of A. O]
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We can now write the following decomposition. For fr gin & B we have

/7.8 = follo S Z2l/2 max B — B

0<k<2!
I<L.
(120) + > 27 max |57+ 1fo = fitlle-
L.<I<A

In the last display, we have used the fact that for weakly balanced UH systems one has

(1+D)/2.

ma. < a.
0<k 25 (A 0I<r}c<2l

< 1 1 ) 1
\le| \Rikl ) /|Lu| = + [ Ry

The second term in (120) can be upper-bounded by (logn)'+%/2(logn/n)*/(22+1) by using

(B2) and the definition of £.. Using Lemma 16, the term || fo — f3'||« is always of smaller

order than the previous one (as the bound decreases as n~“ up to a logarithmic factor).
Regarding the first term, one obtains for 7 € T?

max |8 — By |d1[frg| X, T, B]

0<k<2!
- dIl X,T,B
/max <0<k<2l (l k)ngmt il 0<k<2rln3)l(f ETint i~ ) 75l |
< allom)™s max |88 — BB|dIIfr 5 X, T, B]
< NG 0<h<a (LR)EToms 1k lk T840

where we have used that on the set £7, selected trees cannot miss any true signal larger than
A(logn)'t9/2 /\/n. This means that any node (I, k) that is not in a selected tree must satisfy

1837] < Allogn) ' +072 /y/n.
We now focus on the independent prior 37 ~ N(0, 17, ,|). We have seen above that,

given X, B (so for fixed 559) and T, if (I, k) belongs to Ty, the difference Blk Bl 0B has a
Gaussian distribution ()5 given by

L 0B 1 \Fglk 1
= X — — | = — ).
Qi 1k — Bik +N<O’n—|—1> n—|—1 1 +N<0’n—|—1>

If Z;;, are arbitrary random variables distributed according to @, and Zy;, arbitrary N(0,1)
random variables,

i EA
E Z —E Z
[o%' '] o, = max TE R, 2] -

On the event Ap from (113), the sum of the first two terms on the last display is bounded by

M /n + C+/(logn)+9 /n while the last expectation is at most C'\/l/(n + 1) by Lemma 7.

This implies

B 0B ;. | (logn)1+o
a — dll X, T,B] <C\| ————
/ngd{{l(lf;)emt |Bix — Bk |dII[fT 8] = -
uniformly over B and TB, where we have used I < Clogn. Putting the various pieces to-
gether and using the fact that Py, [Af] = o(1), we obtain

O[|| fr.8 — follso > €n | X]

1 146/2 logl+9 1 proy
<o(l)+e,1 4 N2t Allogm) T o 108 TR o g )i <°g”> :

b vn n n
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1 51, [ 251 s (1 o
< 0(1) +€7_11 { [A(logn)%é + C’(]ogn)E} 2W+ 2(10gn)1+§ <O§Ln> T }

<o(l)+e;'2C" [A(logn)% +4(logn)1+g} (Og”) o

n

This means that one can set

en = (logn)' /2 <logn> =

n

and this is the obtained posterior rate in terms of the supremum norm. A similar conclusion
can be obtained for the general prior 7(3) ~ N (0, X7) using Lemma 3 under the assump-

tion Apin (27) = 1/1/log o n.
12. Proofs for additional results.
12.1. Proof of Theorem 7: rate in non-parametric regression .

PROOF. For the first statement of Theorem 7, it suffices to note that the same exact proof
of Theorem 1 can be used. Indeed, first, by Lemma 17, the maximum norm ||f — fo||co.n
is bounded in a similar way as ||f — fo||eo in terms of empirical coefficients b — b° (in-
stead of original wavelet coefficients). Second, the Holder regularity of fp induces a de-
crease of the order 2/(1/2+9) in terms of empirical wavelet coefficients b° (Lemma 18).
Third, under Py, the distribution of the observed Zy, in (67) is N(bY,,1/n), identical to
that of Xy, ~ N(B).,1/n), up to replacing Sj) by bY,. It is then enough to prove that
i< Lo 22 maxy, b — b?k\ < &, under the posterior distribution, which follows by the
same proof as Theorem 1.

For the second statement of Theorem 7, for a given ¢ € [0, 1], let i;/n denote the clos-
est (leftmost) design point ¢; = i/n. For a given function f on [0, 1], let us denote f =
Z((f(ti))1<i<n) as a shorthand. Then for any ¢ € [0, 1) (assuming i; # n; if i; = n one adapts
the argument) and f, € HM,

[F(t) = fo(t)] < | fo(t) = folie/n)| + | folie/n) — f(ie/n)| + | (ie/n) — F(1)]
< Mn= +||f = folloom + [ f(ie/n) = f((ie +1)/n)],

where the first line uses the triangle inequality and the second that fy € HM as well as the fact
that when linearly interpolating, the difference of two function values inbetween breakpoints
is always the largest when taken at the two different breakpoints. Using the triangle inequality
again,

| (ie/n) = f((ie+ 1) /)] < 20f = folloo + [fol(ie +1)/n) = fo(ie/n)l.
Using again the Holder property of fo, and combining with the previous bounds one gets,
noting that || f — folleo,n = [|f — folloon,

I = folloe <2Mn~% +3|[f = folloon-

This shows that if || f — folloon < ¢ and if n=% = 0((y), then || f — folloo S o As ™ =
o(ey,), this shows that a posterior rate on f in the || - [|oc,» norm translates into the same rate
for the distribution ITy in terms of the supremum norm. O
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LEMMA 17. Given two functions f, fo defined on [0,1] with empirical wavelet coeffi-
cients b= (by,), b’ = (b?k) given as in (65),

1.f = folloo,n < Z 21/2m}3x]bzk—b?k|.

ZSL’HL(L(E

PROOF. Using that I = Xb and next that >, [ (t;)] = 2//2,

max | £(t) = folt)l =max| > (buy — b)us(t)

I<Lmaxz,k
< Z m]?X‘bZk—b?k‘maXZWlk(tz)
1< "k
< > 2Pmax|by - b O
ZSL’"LO/(E k

LEMMA 18.  Suppose fy is in H$,[0,1] as in (24) with a € (0,1], M > 0, with empirical
Haar wavelet coefficients b° = (b?k) as in (65). Then for any | < Lyyq, and k,

B9, | < C2~t1/2+e),

PROOF. By splitting the support I;;, of vy, in two halves I, s Lo

1|Zfo Y (ts Z folt) = > fo(th)

it €L (A P
21/2 2l/2 1n

—1
<TCard(Iﬁ;)m?XCHi—t;\a<T§§C2 e, O

LEMMA 19. In the setting of Lemma 18, let (B, = (fo.)) denote the Haar wavelet
coefficients of fo. Then for any | < Ly,q, and k,
b — Bl < €272,
Further assume that fo € Hgg(c, M, €), i.e. belongs to HS, and is self-similar as in Defini-
tion 3. Then for any diverging sequence l,, — oo with 2\ < n,
sup |b?k\ > (02 In(1/2+4a)
(Lk): 1>1,,

PROOF. For the first part, let fé) be the piecewise constant function that equals fy(;) on
[ti,ti+1). Then observing that

b°k=2”2</ e
I I

it is enough to show that | [,+ (f& — fo)| < 27'n~, since then a symmetric bound similarly
ik

holds on ;. This follows from || P = folloo Sn~2, using the Holder property of fo.
To prove the second part of the lemma, the proof of Proposition 3 in [42] gives, for f €
Hss(a, M,e), for any diverging sequence [,,,

sup |610k’ > 027Zn(1/2+a).
(Lk): 1>,

The result now follow by combining the triangle inequality, the first part of the lemma, and
n~® < 27l (using 2 < n by assumption). O
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12.2. Proof of Theorem 8: band in non-parametric regression. The proof follows the
lines of that of Theorem 3, here we only highlight the few differences. First, one shows that
the empirical median tree 7y~ verifies the properties stated in Lemma 14 for the median tree
Tx in white noise: the depth of the tree satisfies 247%) < 22 and T contains all nodes
(1, k) such that |b) | > Alogn/\/n, for some A > 0. The proof is the same as that of Lemma
14. From this one deduces that the diameter of the credible set C;, is as announced, by the
same argument as in the proof of Theorem 3. y

Second, one shows that the empirical median tree estimator fr converges at rate
(log? / n)a/ (2a+1) in terms of the || - [|co, n—norm: one adapts the proof in white noise. The
event B, and set S are defined similarly, with fT replaced by fr, 8° by by and the noise
sequence £j, in the event A by the noise sequence (j; from (67). On the corresponding B,,,
we have

11 = folloo,n Smiax) > Gulapere — bt (t:)

ZSLnLam,k
< 22 max max Zi — b max Y
_W;C:QCC ockem e | Dl O<k<2l:(l,k)¢8{’ i}
+ 2% max ’blk‘
l:n>2lz>:cl2ﬁ 0<k<2!
! ]
< 9Le /2\/@ 2l/2min< max |blk;| A ogn) +27a£c’
1:21<Cy2Le 0< vn
(]Og n/n)a/ 20¢+1)

where we proceed as in the proof of Theorem 3 but this time using the bound on empirical
coefficients from Lemma 18.

Third, one shows that &,, as in (31) is appropriately large. To do so, using that fy €
Hss(a, M,e)" and arguing as in the proof of Theorem 3, for A, () as in (102),

_._1/,0logn
sup ‘Blolc’ > C(M7w7a75)77 “ 1/27'
(Lk): 1>An () Vn
Now the same lower bound up to a different constant is obtained for b?k, using Lemma 19.
From there on the proof is the same as for Theorem 3, which concludes the proof.

12.3. Proof of Theorem 9: BvM. This BvM statement can be shown, for example, by ver-
ifying the conditions in Proposition 6 of [18] or by proceeding as in the proof of Theorem 3.5
of [53]. The first requirement is the “tightness condition” (Proposition 6 of [18]) summarized
by the following lemma.

LEMMA 20. Under the assumptions of Theorem 9, we have
(|lf7.8 = follmew) = Man ™| X) = 0.
PROOF. Similarly as in Section 6.4, for j € Nand f € L?[0,1] we denote with f7 the L?
projection onto the first j layers of wavelet coefficients and write f = f7 + V. Similarly as

in the proof of Theorem 1, we denote with A the event (44) and with S(fp; A) the set (50).
Recall also the notation

T={T:d(T)<L:;,S(fo;A)CT} and E={frpg:TeT}
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from (61), where £ is the subset of tree-based functions f7 3 with up to £, leaves that do not
miss any signal. Similarly as in the proof of Theorem 1, we will condition on the event .4 and
focus on the set £ (as in (62)). For simplicity, we will write jo = jo(n). Following [53], one
can write for some suitably chosen D = D(n) > 0, where 7 > 0 is a fixed small constant.

B AT+ 176 = follt, = Man ™21 X)} < o(1)

(121) + By, {H(fm €€ s = fllme, = Dn ' X)]IA}
(122) + Ey, {H(fm €& Hff\,{g — F e, > M2 X)]IA} ,

where Mn =M, — D — oo as n — co. We have for fr g€ &

(123) 1% = o Mo, < sup

maxy, | By — )| n Hf\L
jo<I<L. wy 0

(w)-

From the Holder property (23) and the definition of £, in (45) we have

0 —Lo(a+0.5)
m 2
= max ax | By < <C/vn,
I>L. wy VL.

where we used the fact that {w;} is admissible in the sense that w;/v/] — 0o as [ — co. Using
Markov’s inequality and bounds (123) and (124), the term (122) can be bounded with

(124) I3

NG _
12 E — — 11 X]I M,,.
029 {0 [ s s - Al X+

Using similar arguments as in Section 6.4 and using Lemma 3, we can upper bound the
integral above on the event .4 by

S w[T|X] [ max max |8y — Bf|dI[Br|X]

<I<L.0<k<2
TeT o

logn logn logn
<|A o/ —— 1< .
( Jn YN )N Jn

For wj, > clogn for some ¢ > 0, the term (125) goes to zero. Now we focus on the first term
(121). By Markov’s inequality and using the notation W = (g;x) for the white noise from
Section 1 and X = (X} ) for the observation sequence, we find the following upper bound

| By, {|IW9 |y T
0200 DLy [ Rl sl XL < S0 o)
(127) +DnEfo{/gHXjD—f%@HM(w)dH[fTﬁlX]HA}-

We can write the second term as

(128) > wlT | X]Ey, / supl~'/? max lezk—szO d[Br | X7].

TeT € (Kﬂo Osk<

Note that all trees T € T fit jg layers and under both the g-prior and the independent prior, the
coefficients [y, for 0 <[ < jp are a-priori (and a-posteriori) independent given 7. Similarly
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as in the proof of Theorem 2 in [18], we can show that the term (128) is bounded by a constant
by first showing that for each [ < jy and 0 < k < 2!

(129) Ef[] {/et\/ﬁ(ﬁlkXlk)dH[ﬂT‘XTNIA} SCet2/2-

This follows from [18]. The second term E'y, { [ W[ ()T } is also bounded by C*/.D for
some C* > 0. Choosing D = D(n) > 0 large enough, the term on the left side of (126) can
be made smaller than 7/2. O

The second step in the proof of Theorem 9 is showing convergence of finite-dimensional
distributions (as in Proposition 6 of [18]). Similarly as in the proof of Theorem 2 of [18], con-
vergence of the finite-dimensional distributions can be established by showing BvM for the
projected posterior distribution onto V; = Vect{x,! < j} for any fixed j € N. Denote with
B, = (B=10,B00; - - - s Bj2i—1)" the Haar wavelet coefficients up to the level j. The prior on 3 J
consists of 3; ~ N(0,%;), where X; is the submatrix of ¥ that corresponds to coefficients
up to level j.

Let us first consider the case of the independent prior X7 = . Because jo(n) — oo, for
large enough n we have an independent product prioron 3; when ¥; = I. Then one is exactly
in the setting of Theorem 7 of [17] which derives finite-dimensional BvM for product priors
(see the paragraph below the statement of Theorem 7 in [17] for two different arguments).

The case of the g—prior X7 = gn(A’TATf1 is more involved, as the induced prior dis-
tribution on the first coordinates is not of product form. Nevertheless, one can express the
posterior distribution on coefficients as a mixture over trees (all containing the first jo(n)
layers) of certain 7 —dependent Gaussian distributions (complemented by zeroes for the co-
efficients outside the tree 7)), and study each individual mixture component separately. Let
Py, be the n x n projection matrix onto V; and P{,C the |7ext| X | Text| projection matrix onto
V;, projecting the coordinates corresponding to nodes in 7 only (recalling that by definition
of the prior, all nodes of V; are in trees 7 sampled from the prior). We also denote by Iy,
the identity matrix on Vj. It is enough for our needs to show, if TV(P, Q) denotes the total
variation distance between the probability distributions P and @), that

(130) TV (H[-|X]opv—j1,3§<) = op(1),
where R]X :=N(Py, X, Iy, /n). From the expression of the posterior (21),
(131) Br|T, X ~ N(pr(X),57) = QF,

where p7(X) := n¥7X7 and Y7 = (nlx + B7)~ L. Further, the coefficients By, for
(I,k) ¢ T, are zero, which together gives a prior on 3;_; € R2" = R™. By definition of
the prior distribution, all trees 7 sampled from the prior contain the nodes (I,k),! < jo(n),
in particular all nodes corresponding to V;, so (identifying in slight abuse of notation a matrix
with its corresponding linear map) the projected posterior II[- | X, 7] o P‘;j ! coincides with

S —1
N(ur(X),27) o P‘Z; =: Q7 ;- Then

TV (1‘[[. | X]o Pyt ,Rf) =TV (Z [T X1Q7;, R]X)
T

=TV (;H[T]X]Q%j, ;H[T]X]RJX> < ;H[T|X]TV (QF ;. RY)

< max TV (/\/(,uT(X),f]T) o P N(X7, Ixc/n) o P‘Z—l)
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< max TV (N(/LT(X), 57),N(XT7IK/N)) )

where sums and maxima in the last display span over trees that fill in the first jo(n) layers
of nodes, and where the last line uses that the total variation distance can only decrease after
projecting onto V; (one restricts to marginal probabilities in the definition of the t.v. distance).
In order to obtain (130), one now needs to bound individual distances given the tree T, in a
uniform way with respect to 7. By the triangle inequality, for any 7 as above,

TV (N (a7 (X), 57), N (X7, I /n))

< TV (A ur (30, E). M (%), 759 ) + 1V (W (), S0 M (07 29 ).

Both terms on the right hand side of the last display can be bounded using Lemma 8, where
one sets d = K = |Teqt|, p = p7(X) = 1, po = X7, and ¥ = Ix /n =31, X9 = i’]’. Then
S8y — Ix =n(nlk +57") "t — Ix = —(Ix +nE7) "L, using the formula (I + B) ™1 =
I — (I + B~ 1Y~ for B invertible. Setting M7 := (Ix +nX7)~!, the first and second in-
equalities of Lemma 8 lead to

TV (Ner (30, E7) N er (), 25)) S [ s

=vn||MrXr]|.

TV (Nar (0, 269, w00, 1) 5 XTI

" \ = | M7 X 7|2

One now notes | M7||r < VEAnae(M7) = VK /Amin(Ix +n¥7). By Proposition 3, we
have Apin ((A7-A7)71) is at least 277 > 1/n, and one deduces that Apin (I + nS7) 2
1+ ngn/n>1+ g, so that | M| p SVEK /g <252 /g, < 1/4/n=0(1), uniformly over
T . On the other hand, we have, as Anaz(M7) < 1/(1+ gy,) as seen above and X7 = S5 +
e1/+/n, so that, working on the event A from (44),

IM7XT )1 < Anaa (M7 X712 S 9 2 (1B + ller | /n)
< g (1 +n(logn)/n) < (logn)/g;,

where we have used that || 3°||? = || f°||? is bounded and ||e7]|?> < nlogn on the event A. The
previous bounds together imply that the total variation distance between N (u7(X), X7) and
N(X7,Ix/n) goes to 0 uniformly in 7 on the event A. As P[A°| vanishes, this proves
(130).
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